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ABSTRACT
ENVIRONMENTAL EFFECTS IN MODIFIED GRAVITY MODELS
Matthew C. Martino
Ravi K. Sheth, Advisor

Recent observations indicate that the expansion rate of the universe is accelerating. For this to be the case, either the universe needs to be dominated by
an unusual substance dubbed “dark energy”, or our model of gravity needs to
be changed. There are many consequences that result from modifying gravity,
and these need to be considered when we consider a modified gravity model.
In particular, this thesis will examine environmental effects in standard gravity with an interest in understanding how these effects might be changed in a
modified gravity model, and will also consider the formation of clusters and
voids in a particular modified gravity model with the goal of calculating mass
functions that can be used in halo model calculations.
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Chapter 1

Introduction
In an expanding universe governed by General Relativity containing smoothly
distributed fluids with equation of state parameter w ≥ −1/3, the expansion rate
would be slowing down.1 In the late 90’s, while there was evidence that perhaps a
dark matter model could not singularly explain this phenomenon, the nail in the coffin of the existing cold dark matter models was the measurement, using supernovae
Ia, of the deceleration constant revealing that the universe was accelerating. Since
then, one of the most fascinating questions in modern cosmology has been “What is
causing the observed acceleration of the cosmological expansion of the Universe?”
To understand what is causing this acceleration, we need to look at our
core assumptions. The two critical assumptions in our first statement are first, that
General Relativity is the correct theory of gravity, and second, that the universe
contains only smoothly distributed fluids with equation of state parameter w ≥
−1/3. This second assumption was the first to be seriously considered, because
from the time that the cosmological implications of General Relativity were first
considered there has been a possible addition to the theory that, when considered
as a source, had w = −1, namely the cosmological constant.
There is one difficulty, namely that when we consider the likely sources
of a cosmological constant, we turn to particle physics and find that our estimated
values are quite a bit removed from the observed value. Particle physics expects
that one contribution to the cosmological constant is the vacuum energy, however
1

The deceleration constant, the constant that measures the change in the rate of expansion of
the universe, was so named due to this well known fact

1

the expected vacuum energy has several possible values, namely zero, which is too
small, or possibly on the order of the planck scale, in which case it is off by about 120
orders of magnitude from the observed value, a third possibility is the electroweak
scale, in which case it is merely off by approximately 60 orders of magnitude. These
values are almost as wrong as one could possibly imagine, which is one failing of the
cosmological constant as an explanation for cosmic acceleration. While it is possible
that the cosmological constant is simply a parameter of the universe, and it takes the
value that it takes for no reason, this is an unsatisfying solution, so for this reason
and others there has been extensive effort devoted to considering alternative sources
that behave like the cosmological constant in that they cause cosmic acceleration,
but differ in that they may attempt to solve the cosmic coincidence problem, that
is they seek to explain why cosmic acceleration is a recent phenomenon, or perhaps
to provide an impetus for cosmic inflation, or a host of other reasons. The possible
contributions to the energy density of the universe that can cause cosmic acceleration
are known generically as “dark energy”, but they only address the second assumption
above, we need to consider the first assumption as well.
The first assumption was that General Relativity is the correct theory of
gravity, and while it has passed every test that has been concocted for it, it is
possible that cosmic acceleration is the first test that it has decisively failed. In
addition, while the theory has been tested extensively on scales from the laboratory
to solar system scales, larger scales are (nearly) impossible to test in a direct fashion,
we have only observation. The fact that we are forced to deduce the effect of
gravity from observation, rather than experiment, is both a blessing and a curse.
The disadvantage is clear, but the advantage is that there is a vast amount of
information about how gravity works encoded in the observable large scale structure
of the universe. When one considers a modified theory of gravity, there are many
different existing observations that need to be considered, so that even if a theory
fits a number of different ones, it can still be invalidated by other unconsidered, yet
known, observations.
To that end, one should fully consider the implications of both our current
theory of gravity, and also possible alternatives to it. This thesis is devoted to
considering some implications of standard General Relativity, and also to considering
a possible modification to gravity and what effects it has on structure formation.
2

In particular, one theme that will come up time and time again is the fact that
Birkhoff’s theorem, which is a result of General Relativity that stems from the 1/r2
force law of Newtonian gravity, does not hold in some modified gravity models and
has wide ranging consequences for structure formation.
There are a number of possible modifications to gravity that one could
consider, and they are generally expressed as a change to the Einstein-Hilbert action
of General Relativity:
SEH =

1
16πG

Z

d4 x

√

−gR.

(1.1)

One of the oldest modifications is a scalar-tensor theory (see [1]), where an additional
scalar field is introduced which couples to R and has it’s own kinetic and potential
terms in SEH . To some extent this theory can be thought of as having a varying
Newton’s constant, G. The actual effect that this modification has on the expansion
history of the universe depends on the form of the kinetic and potential terms for
the scalar field, one simple example is Brans-Dicke gravity[2] which has no potential
term, and the following action:
Z
SBD =

√
d x −g
4




φ
ω
ab
+
g ∂a φ∂b φ .
16πG 16πφG

(1.2)

This model has been studied largely due to its simplicity, and the fact that one can
solve the field equations in the Solar System to derive bounds on the PPN parameter
γ, which restricts the parameter ω to be greater than roughly 5 × 104 . Constraining
scalar-tensor theories in general is very difficult due to their generality. In general,
these theories come from low energy limits of string theory, and they are also very
similar to quintessence models where dark energy is a scalar field except that the
scalar field is allowed to couple to R. Scalar-tensor theories are also equivalent
to some versions of another possible modification to gravity, namely f (R) models
[3, 4, 5].
Another way to modify gravity is to consider replacing R in the EinsteinHilbert action with some function, f (R). When we consider a more complicated
function in the Einstein-Hilbert action, there is an additional scalar degree of freedom that is available, and indeed, through suitable redefiniton, f (R) models are
equivalent to scalar-tensor theories with some potential term, but no kinetic term.
This means that bounds from Solar System tests constrain what possible forms of
3

f (R) can be considered, and indeed some care must be shown when choosing f (R)
so that one can both account for cosmic acceleration and also satisfy Solar System
constraints. One such way of doing so is to consider “chameleon” models [6], where
effectively the strength of the modification to gravity depends on the local density,
so that gravity is standard GR in the Solar System, but modified in intergalactic
space, thus leading to accelerated expansion.
Another possibility that has been considered is DGP gravity [7, 8, 9, 10],
wherein our (3+1) dimensional universe is a brane embedded in a (4+1) dimensional
bulk. In this case, gravity propagates through the bulk, but Standard Model fields
are confined to the brane. The ratio of the gravitational constants in the brane
and bulk sets a crossover distance such that for smaller scales gravity is standard
four-dimensional General Relativity, while for scales larger gravity is weaker as it
“leaks” into the bulk. In this way we can have an accelerating universe at late
times, but still satisfy Solar System constraints. These are just three of the possible
modifications to gravity that one might consider, and the one that we will consider
later is not equivalent to any of them, but the thing to note is that, in general in
modified gravity models that are consistent with observation, gravity is modified on
some scale, perhaps a length scale or a density scale (there are other possibilities as
well), such that in some regime, standard General Relativity is recovered, but for
other values, gravity is modified.
To study how modified gravity can change structure formation, the main
tools that that we will use are the concept of spherical collapse, which is an approximation of how structure forms under the influence of gravity, and excursion set
methods, which relate the initial density field to the number density of structures in
the present day universe. With these tools, we are largely interested in generating
the mass function, which can both be compared to observation, and be used to study
the distribution of structures in the universe.
One could ask, why study the mass function at all? There are a number
of interesting cosmological probes of the matter distribution in the universe such as
the cosmic microwave background, the galaxy power spectrum, and the weak lensing
power spectrum, and the reason to consider the mass function is that through the
halo model [11] the halo mass function can be related to the dark matter power
spectrum, and hence provides a theoretical link between these different observations.
4

In addition, another interesting aspect of the mass function is that if we consider
its evolution in time, it is both a geometrical and dynamical probe of the universe.
For example, if we consider cluster counts in surveys of the universe, this is clearly
a dynamical probe, in that the growth of structure is related to the linear growth
function. It is also a probe of geometry, however, because it depends on the volume
of space that the clusters were found in, and so how the volume element of space
varies with time can also be studied.
The next section of this thesis will provide some background on these two
tools and the following three chapters will deal with my work on these topics. The
first of these sections deals with some interesting results about spherical collapse in
standard gravity; it is concerned with methods for dealing with the way in which
the environment that haloes form in can affect their mass function. The second
considers a particular phenomenological modification to gravity and how it affects
the mass function of virialized haloes; the particular modification was chosen both
for its generality and also because there were existing N-body simulations of it. The
third section deals with the same modification to gravity, but concerns itself with
the mass function of voids in such a model. Chapter 3 and chapter 4 represent
published work (namely Mon. Not. R. Astron. Soc., 394, 2109, and Phys. Rev. D,
79, 084013), while chapter 5 is not yet submitted. We conclude with some general
remarks. The appendix contains some work by Ramin Skibba, Ravi Sheth, and
Matthew Martino (Mon. Not. R. Astron. Soc., 382, 1940), and will be used as an
example of how environment can affect galaxy clustering in the halo model. This is
interesting because the halo model makes heavy implicit use of Birkhoff’s theorem,
and so we will conclude with some remarks about what effects a modification to
gravity would have on halo model calculations, such as this one.

5

Chapter 2

Methods
Excursion set methods [12, 13, 14] are used to estimate the number density
of collapsed haloes, the merger rates of haloes, the conditional mass function of
progenitors as a function of final halo mass and time, and the nonlinear countsin-cells distribution, all of which assist in linking observations about the properties
of galaxies and galaxy clusters with cosmology. Essentially, excursion set methods
relate the properties of haloes today to the density field at an earlier time. An
advantage of such methods is that few ingredients are needed in order to use them:
one is an assumption that the initial fluctuations are small and Gaussian, the other
is a model for determining how dense something must have been initially in order
to collapse at a given time. The first is given to us by WMAP, the second requires
some work.

2.1

Spherical Collapse
In General Relativity, a simple method for determining this critical den-

sity is given by the spherical evolution model, in which one considers a spherical
tophat perturbation in an otherwise constant density background. Birkhoff’s theorem states that any spherically symmetric solution of the vacuum field equations
must be stationary and asymptotically flat, a corollary of which is that the metric
inside a spherical cavity in a spherical mass distribution must be the Minkowski
metric. This implies that the gravitational evolution of such a patch is determined
only by the mass within it, and so one can determine how overdense such a patch
6

needs to be initially for it to collapse by a given time. This critical overdensity
δc generically depends on the background cosmology [15]. For the purposes of this
section, we shall make the simplifying assumption that the background cosmology is
as simple as possible, i.e. a flat, matter dominated universe, namely the Einstein-de
Sitter cosmology, though including a cosmological constant presents no conceptual
difference.
The spherical collapse calculation begins with the statement that the force
driving the acceleration is related to the gravitational potential by
d2 r
= F = −∇Φ(r).
dt2

(2.1)

This can be integrated (assuming there is no explicit time dependence in the potential Φ(r)) once to get
1
2



dr
dt

2
+ Φ(r) = C,

(2.2)

where Φ(r) is the integral of the potential over the mass distribution, and C is the
total energy of the patch, which is constant. In standard gravity, the potential of a
shell of mass M is the same as that of a point mass at the center of the sphere, so
Φ(r) reduces to GM (< r)/r, and hence F = −GM (< r)/r2 . The constant C can
be related to the initial overdensity and/or expansion rate of the patch: the initial
expansion rate is given by the Hubble expansion rate of the background in which
the patch is embedded, namely in comoving coordinates ẋi = 0, so ṙi = ȧi xi =
ȧi /ai (ai xi ), so (dr/dt)i = Hi ri .
In standard gravity one can directly solve this equation. The solution is a
cycloid, more details of which will be provided in Chapter 3, for which the critical
value of the initial overdensity required for collapse at some time t, δc , does not
depend on the initial size of the patch. This scale independence of δc is a result of
Birkhoff’s Theorem, and means that, in particular, δc is also independent of mass.
One concern at this point is the relatively unsophisticated presentation
above. We are assuming a Newtonian cosmology, and relatively naively applying
Newtonian gravity to a situation where we should be more careful and consider
the implications of General Relativity. Luckily, in General Relativity, the evolution
of a uniform density sphere inside a homogeneous background is the same as the
evolution of a universe of background density which is the same as the density inside
7

the sphere. This means that we can use Friedmann’s equations, of which the second
one is particularly interesting to us:
4πGρ
d2 a
=−
a
2
dt
3

(2.3)

Note that the scale factor a is equivalent to the radius of the perturbation. In the
case of a spherical perturbation, in equation 2.1,
∇Φ(r) =

GM
4πGρ
=
r
2
r
3

(2.4)

which means that these two treatments are identical, but there is one more interesting detail to consider. Note that the density is proportional to r3 , or to put it
more precisely:
1+δ ≡

ρ
ρi ri3
a3 ri3
=
=
ρb
ρb r3
r3

(2.5)

which means r/ri = a3 (1 + δ)−1/3 (note also, a = r/ri ) and so,
aδ̈
d2 r
2ȧδ̇
4aδ̇ 2
ä
4πGρ
=
(1+δ)−1/3 (2.6)
+
−
−
=
4/3
4/3
7/3
1/3
dt2
3
3(1 + δ)
3(1 + δ)
9(1 + δ)
(1 + δ)
simplifying,
δ̈ + 2H δ̇ −

4δ̇ 2
= 4πG(ρ − ρb )(1 + δ) = 4πGδ(1 + δ)
3(1 + δ)

(2.7)

Now, if we linearize this equation, we get:
δ̈ + 2H δ̇ = 4πGδ

(2.8)

which is the equation governing linear growth of structure in cosmological perturbation theory. As a brief aside that will be relevant later, note that this equation
depends only on time. Now, if we were to consider second order perturbation theory and look at the evolution of a perturbation with no rotation and no shear, we
would end up with equation 2.7. This equivalence between spherical collapse and
perturbation theory is comforting, because we can have some confidence that even
though we have made so many simplifications, in the end we are just taking a special case of the actual fluid dynamics. For more details on the relationship between
cosmological perturbation theory and spherical collapse, see, for example [16].
We now have a method of calculating, for a given density, how long the
patch will take to collapse, and hence, if we have some time in mind, for example a
8

redshift, we can calculate what density a spherical patch would have needed initially
to collapse by that time. This gives us the critical ingredient that we need to use
excursion set methods, which are the subject of the next section.

2.2

Excursion Set Methods
Now that we have established a relationship between how dense an object

needed to be initially in order to collapse by a given time, we can proceed with
estimating the mass function of collapsed objects. The method that we use, the
excursion set method, is based upon considering the excursion sets of the initial
density field, those sets of points whose values exceed some limit, and relating them
in some fashion to virialized haloes. The formalism is simple, if we consider the
density field in some region, and the average density is sufficiently high then a halo
will form. Making this statement more precise requires some effort however.
The easiest element, in some sense, is the issue of “sufficiently high density”. This is given by spherical collapse in the most simplest case, or some other
model for relating a density to a time that an object will take to collapse. The
second issue that we wish to address is the “average density in some region”. What
we mean by this is the density field smoothed by a filter with an associated characteristic length scale. If we consider the density field at a point, smoothed with a
R
filter of very large volume (which we can define as WR (x) d3 x, where W (x) is our
dimensionless smoothing filter), then we expect the density to be the background
density, but if we decrease the length scale then the density will vary since less of
the density field is included in the volume of the filter. Given a threshold density,
from spherical collapse for example, we can then associate a halo with the largest
length scale such that the smoothed density is higher than the threshold. We use
the largest length scale because the volume of the filter generally depends on the
length scale and the mass of the resulting halo is simply ρ̄VW R , any smaller length
scale would result in a smaller halo, and represents mass that is inside the actual
halo. Since we are using the spherical collapse model to compute the critical density
threshold, there is a natural smoothing filter to use, namely a tophat filter in real
9

space

 1 x≤R
WR (x) =
 0 x>R

(2.9)

though in general we will use the normalized smoothing filter which is just WR (x)/VW R .
Finally, to generate a mass function, we need to do this many times, and estimate
how likely a halo of any given mass is to form.
Briefly, making this estimate requires that one generate an ensemble of
random walks in the (δi , Si ) plane, where Si ≡ σi2 (M ) is the variance in the initial
fluctuation field when smoothed on scale ri . Now,
Z
dk k 3 Pi (k) 2
Si (ri ) ≡
W (kri ),
k
2π 2

(2.10)

where W (x) = (3/x3 ) (sin x − x cos x) is the Fourier transform of the real space
smoothing filter. Because of the functional form of Pi (k), σi (M ) is a monotonic
function of ri , hence the variables Si , M and ri are essentially equivalent to one
another.
One then finds the first crossing distribution f (Si )dSi of the ‘barrier’ δc ,
which is a constant in spherical collapse in General Relativity, but will be some
function of ri , M and Si in more general cases. The abundance of objects is then
dn
d ln M = (ρ̄/M ) f (Si )dSi
d ln M

(2.11)

where ρ̄ is the mean comoving matter density.
It is worth noting that in equation 2.8 growth at a particular real space
location is only a function of time, which means that when one considers the Fourier
transform of this equation, the growth of each mode is independent of k. This means
that in standard gravity these initial quantities that we have defined can be used
interchangeably with their linearly evolved values in the following way. Because the
solution to equation 2.8 depends only on time, if δ(z) is the solution given δ(zi )
as an initial value we can define D(z) = δ(z)/δ(zi ), which means we can replace
δc with δc (z) = D(z)δc (zi ), and Pi (k) with P (k, z) = D(z)2 Pi (k) ,which results in
S(ri ) = D(z)2 Si (ri ). This is equivalent to just rescaling the step size and barrier
height of our random walk, so in this case it does not matter whether we use the
initial values of δc and Si (ri ) or the linearly evolved values, and in particularly, they
can be used interchangeably because they are just constant multiples of each other.
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An interesting consequence of this model is that since all patches that are
identified as collapsed haloes today (or at a specified earlier time) cross a barrier
of the same height, they all initially had the same density. This means that if we
evolve them using the spherical collapse model, they must have the same density at
all times, regardless of size. In particular, it implies that the final, virialized, density
of any halo will be a constant which can be worked out from spherical collapse and
turns out to be roughly 180ρ̄ in Einstein de Sitter.
Figure 2.1 shows some examples of these random walks, these three walks
all started at background density when smoothed at very large size (in this case,
roughly 100 Mpc). The barrier shown is that given by spherical collapse in an Einstein de Sitter cosmology linearly evolved to redshift 0. At earlier times, the barrier
would be higher, as an object would have needed to be denser to collapse in less
time, similarly the barrier is lower at later times. In an Einstein de Sitter universe,
an overdensity of any magnitude will, given enough time, eventually collapse, this is
not true in all cosmologies. This will be discussed in more detail in Chapter 3. It is
worth noting that in the case of a barrier that does not depend on mass, all walks
R
cross the barrier, so that f (Si )dSi = 1. In the case of a more general barrier not
all walks will necessarily cross the barrier, though if the barrier goes to a constant
value as Si → ∞, then all walks will still cross.
Now, in principle, generating mass functions with spherical collapse and
excursion set methods is unnecessary, because we can extract the same mass function
information (and more) from N-body simulations. The main advantage of these
methods over simulation is that they are far less computationally intensive but still
generate reasonable accurate mass functions. This means that we can use these
methods to help us determine what tests of models are possible so that, in the
future, we know what to look for in the results of high precision simulations of
structure formation.
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Figure 2.1: Three example walks, the green results in a halo of mass 7.8×1014 M /h,
the red 1.6 × 1013 M /h, and the blue 1.1 × 1012 M /h. Note that since the value of
the barrier height, 1.686 in this example, depends on time (to have collapsed earlier,
an object needed to be more dense), we can see that while the green and blue walks
would have collapsed earlier (though at smaller mass), the red walk represents an
object that only collapsed recently.
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Chapter 3

Spherical Collapse and
Environment
3.1

Introduction
One of the standard predictions of nonlinear hierarchical structure forma-

tion models is the abundance of virialized structures [17, 18, 19]. Simulations show
that this abundance depends on the large scale environment: the ratio of massive
to low mass objects is larger in dense regions [20]. Recent measurements in galaxy
surveys appear to bear this out: the virial radii of objects in underdense regions
are smaller, consistent with their having smaller masses since all collapsed haloes
are assumed to have the same density[21]. We have a theoretical understanding
of where this environmental dependence comes from, which is easiest to see in the
excursion set approach [22, 23], where haloes in dense regions are easier to form
because, unlike in section 2.2, they start their random walk at a density that is
higher than background.
This chapter is motivated by the fact that there are currently in the literature three methods for estimating how the mass function of virialized haloes depends
on the environment which surrounds them. The first, as mentioned above, is based
on the excursion set approach. The second argues that haloes which form in, say,
voids should be thought of as forming in a less dense background cosmology, so the
mass function is that in a universe with Ωvoid = Ω0 (1 + ∆void ) [24]. The third is
13

similar, but notes that to correctly estimate the background cosmology, one must
account not only for the lower density in a void, but for the fact the effective Hubble
constant of the void cosmology is larger than in the background [25]. One way of
thinking about the effective Hubble constant is that it ensures that the effective cosmology has the same age as the background cosmology. (The cosmological constant
is, of course, constant, but when expressed in units of the critical density in the
effective model, it is modified because the critical density depends on the effective
Hubble constant.) In Section 3.2, we use the spherical evolution model to show
that the first and third methods are equivalent (although [25] states otherwise), and
that both are incompatible with the second method (which incorrectly ignored the
change to the Hubble constant).
There has been recent interest in the fact that the formation histories of
haloes of fixed mass depend on their environment [30, 31], an effect which is not
predicted by the simplest excursion set methods [32]. So one might have wondered
if this is where the difference between the excursion set approach and one based on
the effective cosmology is manifest. In Section 3.3 we show that in this case also,
the two approaches are equivalent.
A final section summarizes our results, and speculates that the equivalence
we have shown will not survive in models models where the force law has been
modified from an inverse square.

3.2

The calculation
The main point of the following calculation is to show explicitly that, at

least for cosmologies with no cosmological constant, the environmental dependence
of halo abundances can be described using the excursion set approach [22, 23].
Namely, one need not worry about the details of the effective cosmology associated
with the region surrounding the perturbation (as do [25]); it is enough to compute
an effective growth factor using the spherical collapse model. Although we have
phrased our discussion in terms of an Ω0 = 1 background cosmology, it is obviously
applicable to arbitrary values of Ω0 . Our analysis suggests that this remains true
when the background cosmology has Λ 6= 0.
For what follows, it is useful to recall that the age-redshift relation in an
14

Ω0 = 1 cosmology is given by H(z)t(z) = 2/3, where H is the Hubble constant. In
an open universe, this relation is
1
Ω(z)/2
cosh−1
H(z)t(z) =
−
1 − Ω(z) (1 − Ω(z))3/2
where
Ω(t) =




2
−1
Ω(z)

Ω0 /a(t)3
,
Ω0 /a(t)3 + (1 − Ω0 )/a(t)2

(3.1)

(3.2)

with the convention that a(t0 ) ≡ 1, so a(t) ≡ (1 + z)−1 , and Ω0 ≡ Ω(t0 ) [26].
The linear theory growth factor is D(t) = a(t) if Ω0 = 1, and if Ω0 < 1
then
5Ω0 /2
D(t) =
(1 − Ω0 )

3
1+ +3
x

r

!
√ 
1 + x √
ln 1 + x − x
x3

(3.3)

where x = a(t) (1 − Ω0 )/Ω0 [26].

3.2.1

The spherical evolution model
The spherical evolution model describes the evolution of the size R of a

spherical region in an expanding universe:
GM (< R)
d2 R
=−
.
dt2
R2

(3.4)

It provides a parametric relation between the density contrast predicted by linear
theory δ(t0 ) = D(t0 )/D(tinit ) δ(tinit ), the nonlinear overdensity ∆, and the infall
speeds vpec [15, 27, 26, 28, 29]. Here D(t0 ) is the linear theory growth factor at time
t0 , and we will often use the shorthand, δ0 = δ(t0 ).
If Ω = 1, then
M
≡ 1 + ∆ = f (θ),
4πR3 ρ̄/3
δ0 ≡ h(θ),

vpec
≡ g(θ),
HR

and

where

 (9/2) (θ − sin θ)2 /(1 − cos θ)3
f (θ) =
,
 (9/2) (sinh θ − θ)2 /(cosh θ − 1)3

 (3/2) sin θ (θ − sin θ)/(1 − cos θ)2
g(θ) =
,
 (3/2) sinh θ (sinh θ − θ)/(cosh θ − 1)2

 (3/5) (3/4)2/3 (θ − sin θ)2/3
h(θ) =
,
 −(3/5) (3/4)2/3 (sinh θ − θ)2/3
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(3.5)

where the first expression in each pair is for initially overdense perturbations and
the second is for underdense ones. Overdense perturbations eventually collapse, the
final collapse being associated with the value θ = 2π, at which time the linear theory
density is δc1 ≡ (3/5)(6π/4)2/3 = 1.68647. In this section, we use the subscript 1 to
indicate that this value is associated with Ω0 = 1.
If Ω0 < 1, then only perturbations above some density δmin will collapse,
and
vpec
f (θ)
g(θ)
,
=
− 1,
f (ω)
Hω R
g(ω)
h(θ)
= −
+ 1,
h(ω)

1+∆ =
δ0
δmin

and
(3.6)

where

 arccos(2/Ω − 1) if closed
0
ω=
,
 arccosh(2/Ω0 − 1) if open

(3.7)

Hω is the Hubble constant, and
δmin =

9 sinh ω (sinh ω − ω)
− 3.
2 (cosh ω − 1)2

(3.8)

Complete collapse is again associated with θ = 2π, and we will write the critical
linear density required for collapse as
δcω = δmin [1 − δc1 /h(ω)].
It happens that δcω depends only weakly on Ω0 .
(3/5)(6π/4)2/3

(3.9)

When Ω → 1, then δcω →

= 1.68647, and δcω → 3/2 when Ω0 → 0.

The parametric solution is rather cumbersome. It happens that the relation
between δ0 and ∆ is rather well approximated by
1 + ∆ ≈ (1 − δ0 /δcω )−δcω .

(3.10)

Similarly, it is also useful to have an approximation to the exact solution for the
linear theory growth factor. When Ω0 ≤ 1, then the linear theory growth factor is
well approximated by
D(t) ≈

(5/2) a(t) Ω(t)
,
Ω(t)4/7 + 1 + Ω(t)/2

(3.11)

[33], where a(t) denotes the expansion factor at time t, and Ω(t) is given by equation (3.2). This expression is normalized so that D(t0 ) = a(t0 ) = 1 if Ω0 = 1.
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3.2.2

Environment and spherical evolution
Suppose we consider the evolution of a spherical underdense region in an

Ω0 = 1 universe. Let 1 + ∆ω < 1 denote the density in this region. If we wish to
think of this region as being an underdense universe, then the effective value of Ω in
this region is smaller than unity for two reasons: first, because the density is lower
by a factor of 1 + ∆ω , and second because the region is expanding faster than the
background, so it has an effective Hubble constant Hω which is larger.
To see what equation (3.6) implies for the evolution, let 1 + ∆1 denote
the density of a small patch respect to the background density (the subscript unity
denotes the fact that this is the overdensity with respect to a background which has
critical density: Ω0 = 1). Now, suppose that this patch is surrounded by a region
U within which the average density is 1 + ∆ω with respect to the true background.
Then the smaller patch has overdensity (1 + ∆1 )/(1 + ∆ω ) with respect to its local
background. If we wish to describe the local environment as has having its own effective cosmological parameters, then the local value of the Hubble constant Hω differs
from the global one H0 : Hω /H0 = g(ω). Thus, the expressions in equation (3.6) are
really the statements that
1+∆=

1 + ∆1
1 + ∆ω

and

vpec1 − upec1
vpec
=
,
Hω R
upec1

(3.12)

where upec1 is the peculiar velocity of the shell U with respect to the background,
had the mass within U been smoothly distributed (we know it is not because the
central region has density 1 + ∆1 ). Now, the local value of Ωω within U differs from
the global value Ω0 = 1 both because ∆ω 6= 0 and because the different expansion
rate means that the local value of the critical density is different:
Ωω (t0 ) =

f (ω)
Ω0 (1 + ∆ω )
=
,
2
(Hω /H0 )
g(ω)2

(3.13)

where we have used the fact that Ω0 = 1. Notice that this relation between Ωω and
ω is the same as equation (3.7). In other words, we get the same description for
the evolution of the small scale patch if we treat it as having overdensity 1 + ∆1
with respect to the Ω0 = 1 background within which the Hubble constant is H0 ,
as if we describe it with respect to the local cosmological model Ωω and Hω , and
we rescale our definitions of density and peculiar velocity accordingly. In addition,
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using the exact expression for the age of the universe given above, we can see that
these definitions also guarantee that t0 is the same in the both the background and
the local cosmological model.
If we write the linear theory overdensity associated with 1 + ∆ω as
δω = h(ω),

(3.14)

then
δ0 =

i
i
δcω h
δmin h
h(θ) − δω =
h(θ) − δω .
−δω
δc1 − δω

(3.15)

The term in square brackets is simply the difference in linear theory values for the
background cosmology. If we think of this as an effective linear theory overdensity
in the effective cosmology, then the prefactor is the effective linear theory growth
factor. It is straightforward to verify that, indeed,
δcω /δc1
Dω
=
1 − δω /δc1
D1

or

δcω
δc1 − δω
=
.
Dω
D1

(3.16)

where D1 is the growth factor in the background cosmology, and Dω is the growth
factor in the patch, at time t0 . This last point is important, as the expansion
factor a(t0 ) in the patch cosmology is not equal to the expansion factor in the
background cosmology. In particular, we know that aω (t0 )/a1 (t0 ) = (1 + ∆ω )−1/3 .
For completeness, we note that
δcw = δmin

(2π)2/3
1+
(sinh ω − ω)2/3

!
(3.17)

(recall that we are in an underdense region).
In the following, take a1 (t0 ) = 1, so D1 = 1. The approximate solution (3.10) of the spherical evolution model shows similar behaviour:




1 − δ1 /δc1 −δc1
δc1 − δ1 −δc1
1 + ∆1
=
=
1+∆ ≡
1 + ∆ω
1 − δω /δc1
δc1 − δω

−δc1 

δ1 − δω
δ1 − δω −δc1
=
1−
= 1 − Dω
δc1 − δω
δcω

−δcω
δ1 − δω
≈
1−
,
δcω /Dω

(3.18)

where δ1 denotes the linear theory value associated with the nonlinear density ∆1
for Ω0 = 1. The final approximation follows from recalling that δcω depends only
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weakly on cosmology. Comparison with equation (3.10) shows explicitly that the
relevant linear theory quantity is the difference between the Ω0 = 1 values for the
perturbation and the environment, and this difference must be multiplied by the
linear growth factor Dω in the effective cosmology.
Now, to estimate the mass function of virialized objects, we are interested
in the case when θ = 2π. The analysis above shows that δcω /Dω = δc1 − δω ; the
objects which form in a region of nonlinear density 1 + ∆ω with respect to the
background, with corresponding linear overdensity δω , can either be thought of as
forming in an effective Ωω cosmology [25], or as forming in the true Ω0 background
cosmology but with an effective linear theory overdensity which is offset by δω to
account for the surrounding overdensity [22, 23]. The second description is easier
to implement, and follows naturally from the excursion set description. In particular, the analysis above shows that approaches which do not correctly compute
Ωω (e.g., [24] ignores the fact that Hω 6= H0 ) are incompatible with the excursion
set approach. In any case, the analysis above suggests that such approaches are
ill-motivated.

3.3

Formation histories
The previous section showed that the excursion set approach results in

the same expressions for the environmental dependence of the present day linear
theory growth factor as one derives from thinking of the environment as defining an
effective cosmology. So the question arises as to whether or not the two approaches
predict the same evolution. For example, one might have wondered if the formation
histories of objects are the same in these two approaches.
To see that they are, it will be convenient to modify our notation slightly.
We showed that
δc (Ω0 ) − δL (∆0 )
δc (Ωω0 )
=
(3.19)
Dω0
D0
where the subscripts 0 mean the present time. The quantity δL (∆0 ) is what we
previously called δω ; it is the value of the initial overdensity extrapolated using
linear theory (of the background cosmology) to the time at which the nonlinear
density is ∆0 . Also, we previously had set the growth factor in the background
universe at the present time to unity: D0 = 1. We have written it explicitly here to
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show that, had we chosen to perform the calculation for some earlier time, then we
would have found
δc (Ωω1 )
δc (Ω1 ) − δL (∆1 )
=
,
Dω1
D1

(3.20)

where the subscript 1 denotes the earlier time. I.e., Ωω1 is the effective cosmology
associated with the overdensity ∆1 , which itself is related to ∆0 by the spherical
evolution model (the region that is ∆0 today was a different volume in the past, but
its mass was the same.) And, analogously to the previous expression, δL (∆1 ) is the
initial overdensity extrapolated using linear theory to the (earlier) time at which the
nonlinear density was ∆1 . Since ∆1 is closer to 0 than is ∆1 , δL (∆1 ) is also closer
to 0 than is δL (∆0 ).
If one were to apply the excursion set approach to study formation histories in the effective cosmology, one would be interested in the difference between
equations (3.20) and (3.19):
δc (Ωω1 ) δc (Ωω0 )
−
Dω1
Dω0

=

δc (Ω1 ) δc (Ω0 )
−
D1
D0


δL (∆1 ) δL (∆0 )
−
−
.
D1
D0

(3.21)

Now, the quantity in square brackets is


δL (∆1 ) δL (∆0 )
δL (∆1 )
−
=
− δL (∆0 ) D0−1 = 0,
D1
D0
D1 /D0

(3.22)

because δL (∆1 ) and δL (∆0 ) are the same quantity (the initial overdensity), evolved
using linear theory to two different times. In particular, δL (∆1 ) is closer to 0 than
is δL (∆0 ) by δL (∆1 )/δL (∆0 ) = D1 /D0 . Thus,


δc (Ωω1 ) δc (Ωω0 )
δc (Ω1 )
−
=
− δc (Ω0 ) D0−1 .
Dω1
Dω0
D1 /D0

(3.23)

Note that the expression on the right has no dependence on the effective cosmology.
Moreover, it is exactly the same as the expression that one obtains when using the
excursion set approach to study formation histories in the background cosmology. It
is in this sense that the formation histories of objects are independent of the effective
cosmology of the environment; the excursion set approach is a simple self-consistent
way of exploiting this fact.
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3.4

Discussion
The excursion set description provides a simple, self-consistent way of esti-

mating the effect of environment on structure formation and evolution. In particular,
it is equivalent to using the fact that the large scale environment can be thought
of as providing an effective background cosmology of the same age (Section 3.2).
Estimating the parameters of the effective cosmology is slightly more involved, but
useful for running simulations which mimic the formation of structure in different
environments.
In essence, the equivalence between the excursion set and effective cosmology descriptions is a consequence of Birkhoff’s theorem: the evolution of a perturbation does not depend on its surroundings. There has been recent interest in
models with modified gravitational force laws [34, 35, 36]. Since Birkhoff’s theorem
does not apply in such models [37, 38, 39, 40, 41], it is not clear if this equivalence
survives. If not, the enviromental dependence of clustering may be added as another
constraint on such models.
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Chapter 4

Modified Gravity and Spherical
Collapse
4.1

Introduction
As was discussed in chapter 1, modifying gravity is one possible approach

to providing an explanation for cosmic acceleration. In such a case, the techniques
discussed in chapter 2 need to be worked out based on the modification to gravity. As
it is impossible to consider the effects of all possible methods of modifying gravity
simultaneously, so we shall consider a specific model in this (and the following)
chapter.
There are many possible ways to modify gravity, depending on what one
wishes to “fix”. For example, MOND [43, 44] removes the need for dark matter
to account for galactic rotation curves and has several other interesting results, but
seems to fail at the scale of galaxy clusters, with even optimistic accountings needing
roughly as much dark matter as baryonic matter. At the other end is something
like DGP or conformal gravity, which hopes to account for the acceleration of the
universe without invoking a cosmological constant [7, 8, 9, 10]. In addition, there are
other models which seek to unify dark matter and dark energy [45, 46, 47, 48, 49].
What we seek to do in this chapter is to study the problem more phenomologically.
For example, regardless of how the force law for gravity is modified, it will often
be stronger or weaker, relative to the standard model, at larger or shorter scales.
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One way to parameterize this is to introduce a modified Yukawa-like potential for a
point mass:
φ(r) = Gm

1 + α(1 − e−r/rs )
,
r

(4.1)

[50, 34, 36, 35] where α indicates the strength and rs the scale (constant in physical
rather than comoving coordinates) on which this modification is most relevant. On
scales smaller than rs , φ(r) reduces to the standard Newtonian potential; on larger
scales it transitions to the Newtonian potential multiplied by a factor of (1 + α).
This is similar to the interaction considered in [51], in which a long range dark matter interaction is introduced yielding a different Yukawa-like potential that instead
modifies gravity on short length scales. It is also not dissimilar to models that use
the “chameleon” mechanism, in that there are two regions of standard gravity with
different effective gravitational strengths with a region in between of intermediate
strength [6, 52]
There are a few questions that one might ask about the motivation of this
particular modification to gravity, such as: why consider a spherically symmetric
modification, why a constant physical (rather than comoving) scale, and why a
linear scale rather than another scale, and we shall first briefly address these points.
First, we consider a spherically symmetric modification because current observations
support the isotropy of space, which would be violated if spherical symmetry was
broken by the introduction of a preferred direction. Second, we use a constant
physical scale because cosmic acceleration is a recent event we expect it to be related
to a scale that only becomes relevant to structure formation at late times; if we
considered a constant comoving scale, then the effect would be strong at all times.
This also relates to the final issue, some models use as a relevant scale of modification
some other quantity than distance (for example, MOND introduces a modification
to gravity based on how strong the local acceleration field is), but in this case it is
not easy to relate the modification to cosmic acceleration.
Note that this is not a cosmological model: there is no prescription for
determining things like the expansion factor and the resulting Hubble factor. Like
previous workers, we will assume that these are the same as in the standard cosmology. The main goal of studying such a model is to gain intuition for some generic
effects of modifications to standard gravity.
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For example, in the linear theory of such a model, the growth of fluctuations
is k-dependent [34] – recall that it is not in standard gravity. As a result, a smooth
spherical region within which the density is the same as the background universe
will evolve. This qualitatively different behavior from standard gravity has not been
emphasized – so it is worth showing the argument explicitly. Consider the density
field smoothed on scale R at some early time ti . We can write this field in terms of
its Fourier modes, and the (Fourier Transform of the) smoothing kernel as
Z
δR (x, ti ) =

dk exp(ik · x) δ(k) W (kR).

(4.2)

The linearly evolved field is
Z
δR (x, t) =

dk exp(ik · x)

D(k, t)
δ(k) W (kR),
D(k, ti )

(4.3)

where D is the linear theory growth factor. In standard gravity, D is independent of
k, so if δR (x, ti ) = 0 then δR (x, t) = 0 also. But if D depends on k, then if δR (x) = 0
at some time t, it will, in general, be non-zero at other times (the exception being if
the k-dependence of W happens to exactly cancels that of D). For the Yukawa-like
modification considered here, the k dependence of the spherical top hat filter does
not cancel that of D. Thus, we are led to the rather remarkable conclusion that,
when the gravitational potential has been modified, then linear theory predicts that
a spherical tophat patch within which the density is the same as the background
will evolve! The reason why can be traced to the fact that Birkhoff’s Theorem
no longer applies once the Newtonian potential has been modified. Without this
Theorem, the spherical top hat filter is no longer special, and our common sense
prejudice from standard gravity – that initially overdense regions become denser,
underdense regions less dense, but regions within which the density is the same as
the background do not evolve – must be treated with caution.
The evolution of nonlinear clustering in this model has been studied using
numerical simulations by [35, 36]. Our goal in what follows is to provide a framework
for understanding this nonlinear evolution more completely. To this end, we will use
the spherical evolution model, which has found extensive use in the standard model
– it is used to motivate estimates of the abundance of nonlinear objects [17], a crucial
ingredient in methods which describe the growth of nonlinear gravitational clustering
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[11]. It also provides a framework for discussing the environmental dependence of
clustering [22, 23].
Section 4.2 summarizes what is known from the linear theory of this Yukawalike model, and then shows our estimate of the key, and sometimes subtle, changes
to the spherical evolution model. Section 4.3 compares this work to the simulations
of [35]. A final section summarizes.

4.2
4.2.1

The model
Linear theory and a slightly modified potential
We begin by considering the evolution of density perturbations. This can

be done by either considering the fluid equations in expanding coordinates, or by
considering the conservation of stress-energy ∇a T ab = 0. If we start with a smooth
background, add small perturbations, and linearize the resulting equations, we get
a second order differential equation for the evolution of the fractional overdensity,
δ(x, t) that depends on time, scale factor a, the Hubble parameter H = ȧ/a, and
the potential φ. In standard gravity, we would use the Poisson equation to set the
relationship between φ and δ, but here we will assume a modified Poisson equation
that results in the above potential, equation (4.1).
δ̈ + 2H(t)δ̇ = ∇2 φ
It is easier to work with the Fourier transform of this equation:



a2
H02 ΩΛ
3
1+α 2
1−
H 2 δk .
δ̈k + 2H δ̇k =
2
a + k 2 rs2
H2

(4.4)

(4.5)

This can be solved relatively easily to determine the linear growth of structure
associated with equation (4.1).
The dashed lines in Figure 4.1 show how this growth differs from that in
the standard model. Note in particular that δkLin (t) = D(k, t) δkinitial , whereas the
standard model has no k dependence in the growth factor D(t). The figure shows
the effects that one expects to see, namely that for negative α the growth factor is
smaller at small k (large scales), whereas for positive α the growth factor is larger at
large scales. Both have a region where they deviate from being scale independent,
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Figure 4.1: Ratio of linear theory growth factor to that in standard ΛCDM, at
a = 1, when rs = 5h−1 Mpc and α = 1 (top) and α = −1 (bottom). Dashed lines
show this ratio for the model in equation (4.1), and solid lines for equation (4.6).
For the solid lines, rc = 70h−1 Mpc, and dotted rc = 350h−1 Mpc.
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until on very large scales they return to scale independence, though with a different
value than in General Relativity.
While this is not a significant problem for linear theory, we decided to
explicitly force the potential back to normal gravity at large scales for reasons which
will become clear in the next section, briefly, because we want to assume that the
cosmological model is indistinguishable from ΛCDM, on the largest scales we want
gravity to be the same as in ΛCDM. The potential we are using from this point
onward is:
φ(r) = Gm

1 + α(1 − e−r/rs ) − α(1 − e−r/rc )
r

(4.6)

With this potential, the rc  rs term serves to make explicit the return to normal
gravity at large scales. The linear theory equation becomes


a2
a2
3
1+α 2
−α 2
δ̈k + 2H δ̇k =
2
a + k 2 rs2
a + k 2 rc2


H 2 ΩΛ
× 1− 0 2
H 2 δk ,
H

(4.7)

and the linear growth associated with this solution is shown as the solid lines in
Figure 4.1, when rc = 70h−1 Mpc. The dotted line shows what happens if rc =
350h−1 Mpc – a scale which is large compared to that probed by BAOs. Although
the analysis which follows uses rc = 70h−1 Mpc, the results which follow are not
sensitive to this choice.
The fact that at small k, the growth factor goes back to the value of
standard gravity is effectively a statement of the fact that on very large scales we once
again have a 1/r2 force law, and hence one can again ignore the exterior contribution
to the potential inside a spherical cavity. While this doesn’t precisely mean that
structure of size much larger than rc grows as in standard gravity, even in the
linear regime, because the Fourier transform of the top hat smoothing filter includes
contributions from modes at all scales. Regardless, the effect of the modification to
gravity is small at very large scale, so we expect to see the largest modification to
the growth of structure in some intermediate scale dependent on the values of rs
and rc .
Returning to our discussion in the introduction of this chapter, we can
now speak more explicitly about the consequences of scale dependent growth. If we
consider a Gaussian smoothing window, W (kR) = e−(kR)
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2 /2

, then only k-modes on

scales less than 1/R contribute. This means that if D(k, t) is constant for k less
than some ks , then patches smoothed on that scale that start at background density
will remain background density. This means that for the model that uses potential
4.1 (the dashed line in figure 4.1), ks ≈ 10−4 h/Mpc, so that a patch of size roughly
10,000 Mpc/h that starts at the background density will remain the background
density. This is relevant because this is roughly the Hubble scale, so we can still
talk about large scale homogeneity, but for smaller patches, even if initially they are
the same density as the background, they may not remain so later.

4.2.2

Spherical collapse
When gravity is modified, things are no longer so simple. For example,

when the potential is given by equation (4.6), Birkhoff’s theorem no longer applies:
A particle offcenter in a uniform spherical shell will feel a force from the shell because
we no longer have a 1/r2 force law. This has two consequences. First, equation (2.1)
can still be integrated once to get equation (2.2), only now Φ(r) has contributions
from both the internal and external mass distributions. We can get Φ by integrating equation (4.6) of the mass distribution, leaving C and the initial value for dr/dt
to be determined. As before, C is the total energy (constant in time), and we set
(dr/dt)i = Hi ri . (This was why we used equation 4.6 rather than equation 4.1.)
Second, whereas evenly spaced concentric shells remain evenly spaced in the standard tophat model, this is no longer the case when the potential is modified. As
a result, the initial tophat perturbation develops a nontrivial density profile as it
collapses.
Of course, neither of these changes prevent us from solving for the evolution
of r(t). Our main interest in what follows is not in the details of how the density
profile is modified (this is interesting in its own right), but in the modification to the
critical density required for collapse. To estimate this in practice, two things require
care, both of which are related to the breakdown of Birkhoff’s theorem. The first is
that, because the shape of the perturbation evolves, one must follow the evolution
not just of a shell at the boundary of the perturbation, but of a series of concentric
shells. So the question is: How finely spaced must the shells be before one converges
to the correct solution? The second is that one now cares not only about the mass
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Figure 4.2: Convergence to solution as number of shells increases for two objects
with mass 1014.5 h−1 M , with α = 0.5 (top) and α − 1.0 (bottom). The thick solid
lines are actually the positions of the shell on the edge of the density perturbation
for 3,10, 20, 40, 50, 60, 80, 100, and 200 shells, note they all lie nearly on top of
each other. The dashed curves show the evolution when α = 0.
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initially interior to the initial boundary, but the mass exterior as well. In this case,
the question is: How far beyond the initial boundary of the perturbation matters
before one reaches convergence?
Therefore we start with an initial patch which is substantially larger than
that within which there is an initial overdensity, and use a simple 1-dimensional
N-body simulation to solve for r(t). We found that volumes having twice the initial
comoving radius or larger were sufficient to account for the lack of Birkhoff’s theorem, regardless of α or rs . We also found that for objects of mass up to 1015 h−1 M ,
using 3 (linearly spaced) wide shells provided a δc that was within 1% of 200 shells
(see Figure 4.2). For higher mass objects we found that we needed more than 3
shells, but by 40 shells δc is within 0.02% of δc calculated with 200 shells.
Having determined that our numerical solution had converged, we evaluated r(t) at the present time in an ΛCDM background model, for a grid of initial
sizes and overdensities. By finding which pairs of initial density and size ri when
evolved result in r(t0 ) = 0, we obtained δci (ri ). Since the initial overdensity is always small, we can use the fact that M = (4π/3)ri3 ρ̄i (1 + δi ) ≈ (4π/3)ri3 to express
this critical density as a function of mass rather than initial radius. This is shown
in Figure 4.3. Notice that δc depends on mass; this is not unexpected, because
patches which remain smaller than rs throughout their evolution (and become small
mass haloes) are unlikely to notice any modification, whereas those which are larger
than rs at any time during their evolution will. This mass-dependence of δc means
that we expect to see a variation in cluster abundances only at masses larger than
∼ 1014 h−1 M . This is a consequence of the fact that rs = 5h−1 Mpc, for which the
mass scale is about 5 × 1013 h−1 M . (For fixed α, the mass scale is proportional to
rs3 .)

4.2.3

The abundance of virialized objects
Figure 4.3 shows that, when the potential is modified, then δc is no longer

scale-independent. Because it depends on mass, the relevant excursion set problem is
one with a ‘moving’ rather than ‘constant’ barrier, so it is of the type first studied by
[23]. Figure 4.4 shows the result of using this formalism to estimate the abundance
of virialized objects. We can now follow the procedure outlined in section 2.2 and
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Figure 4.3: Ratio of initial density required for collapse at the present time to that in
the standard gravity model, when the background cosmology is ΛCDM, rs = 5h−1
Mpc and rc = 70h−1 Mpc. From top to bottom, curves show models in which
α = −1, −0.5, 0, 0.5 and 1 (note that α = 0 is standard gravity).
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Figure 4.4: Expected halo abundance, log dN/d log m, as a function of mass m for
models with α = 1 (short dashed) and α = −1 (long dashed), the solid line is for
α = 0. The rapid rise of the negative α barrier in figure 4.3 is why there is a larger
effect on the abundance of high mass haloes for negative α than positive α.
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generate walks in the (δi , Si ) plane, with the complication that the barrier is a
function of mass.
Figure 4.4 shows that the abundance of massive objects increases as α
increases, whereas the abundance of low mass objects is essentially unchanged from
when α = 0. We argued above that this makes intuitive sense: the lower mass objects
do not feel the change in gravity because they were smaller than rs throughout their
evolution; the more massive objects are able to become even more massive if α is
positive, since then gravity is stronger.

4.2.4

Choice of normalization and incompatibility with standard
gravity
Before moving on, it is worth noting that we were careful to describe and

implement the excursion set approach in initial rather than linearly evolved variables. In standard gravity (α = 0), it is more common to phrase the discussion in
terms of linearly evolved variables. Since the linear growth factor is independent
of k when α = 0, this is straightforward. However, this is no longer the case when
α 6= 0, because of the k-dependence in D(k, t).
Indeed, the barrier shape in Figure 4.3 is qualitatively like that of the linear
growth factor in Figure 4.1, so one might ask if the difference that we see in the mass
function is entirely a consequence of the k-dependence of the linear growth factor.
More specifically, the differences shown in Figure 4.4 are really a consequence of two
effects: first, we have assumed that Si (M ) is the same for all α. Therefore, S0 (M )
is not: the linear theory evolution when α > 0 results in more large scale power
than when α ≤ 0, so the rms fluctuation in the present day fields are different –
in the jargon, σ8 at z = 0 is larger for the α > 0 models. Since we know that, in
standard gravity, the abundance of massive haloes is exponentially sensitive to σ8 ,
one might wonder if this alone accounts for much of the effect. (Later on, we will
discuss another consequence of normalizing the models at the initial rather than final
time.) To quantify this, we would like to compare the predicted abundances when
the models are normalized so that S0 (M ), rather than Si (M ), is the same. This will
isolate the effect of a mass-dependent δc (M |α, rs , rc ) on the halo abundances.
Therefore, we used the excursion set approach with the same constant
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Figure 4.5: Ratio of halo abundances when α = −1 (top) and α = 0.5 (bottom) to
that when α = 0. Solid curve shows this ratio when the excursion set method is
correctly implemented, using the initial fluctuation field values Si (M ) and a moving
barrier δc (M ), and Si (M ) is independent of α. Dashed curve uses S0 (M ) from the
linearly evolved field and a constant barrier δc = 1.686. Dotted curve uses Si (M )
and δc (M ), but now Si (M ) is modified so that S0 (M ) is the same for both values
of α. Note that all these approaches produce different results.
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barrier height as one would have in the standard (α = 0) linearly evolved gravity
model, and then evaluated S0 (M ), rather than Si (M ), using the k-dependent linear
growth factor. I.e.,
Z
S0 ≡

dk 2
k 3 Pi (k) 2
D (k, t0 )
W (kri ),
k
2π 2

(4.8)

The resulting first crossing distribution f (S0 )dS0 is the same as in standard gravity
(after all the barrier is constant), but when expressed as a function of mass M ,
the abundances are different because the relation between S0 and M depends on
(α, rs , rc ). The dashed line in Figure 4.5 shows that this method yields a mass
function that also differs substantially from the standard one: it drops substantially
below unity for large M . In this case, however, the drop is entirely due to the
k-dependent growth factor. In addition, notice that although it is qualitatively like
the solid line, for which δc is mass dependent, it can be substantially different (i.e.,
the ratio of the solid to the dashed line is greater than unity) at large M . This
shows that there is more to the change in the mass function than simply the change
in the relation between S and mass.
Whereas the solid line shows results in which the initial power spectra
are the same for all α (i.e., Si (M ) is the same for all models), the dashed line
shows what happens if we adjust the shape of the initial power spectrum in the
α = 0 model so that S0 (M ) is the same as for the α = −1 model. The dotted line
shows the result of adjusting instead the initial P (k) of the α = −1 model so that it
produces the same S0 (M ) as the original α = 0 calculation. In this case, the α = −1
initial conditions now have substantially more large scale power, so the predicted
abundance of massive haloes is larger, until the mass dependence of δc begins to
matter (this is not evident in the figure, because it happens at M > 1016.7 M /h).
The fact that none of the curves shown in Figure 4.5 are unity for all M ,
nor are any two curves the same, means that cluster abundances in modified gravity
models cannot be mimicked in standard gravity simply by changing the shape of the
initial power spectrum so that it agrees with modified linear theory at z = 0. Trading
‘CMB’-normalization for ‘cluster’ normalization does not work, because the cluster
mass function depends on the nonlinear physics of gravitational collapse: Cluster
counts are sensitive to more than the change to linear theory. For CMB-normalized
models, we feel that the appropriate estimate of the effect of modifying gravity is
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shown by the solid line. In the following section we use numerical simulations to
test this prediction.

4.3

Comparison to simulations
We now compare our spherical collapse predictions for halo abundances

with measurements in the simulations of [35]. These simulations followed the evolution of 1283 particles in a periodic box of size 100h−1 Mpc, for various choices of
α and rs . In all cases, the background cosmology was flat ΛCDM with Ω = 0.3,
and the particle mass was 1.1 × 1010 M . In addition, the simulations were always
started from the same initial phases, a feature we will exploit shortly. We identify haloes in the standard way using a friends-of-friends algorithm with link length
0.2 times the interparticle separation. In what follows, we show results from the
rs = 5h−1 Mpc runs. The α = 0 simulation, with standard initial conditions has
σ8 = 1.0 at z = 0, the corresponding runs for α = 0.5 and α = −1 have σ8 = 1.2 and
0.7 respectively. Following our discussion of how the counts depend on the shape
and normalization of the initial power spectrum, we also study results from α = 0
simulations in which the initial power spectrum was modified so that, at z = 0, it
has the same shape as the two α 6= 0 cases (σ8 = 1.2 and 0.7).
Figure 4.6 shows how the mass function depends on α. The panels shows
the ratio to α = 0, and curves show the predictions from our excursion set with moving or standard barrier calculation with standard or modified initial power spectrum.
The calculation is in reasonably good agreement – note in particular that it captures
the sense of the trends with α.
Because the simulations all had the same initial phases, we were able to
perform a slightly more stringent test. Namely, we directly compared the masses
of individual haloes in the α = 0.5 and α = −1 runs with those when α = 0 (i.e.
standard gravity). The filled triangles in Figure 4.7 show the result of selecting the
most massive haloes in the α 6= 0 runs and plotting the number of particles they
contain versus the number of particles they contained in the α = 0 run. The open
squares show the result of making the selection in the α = 0 run. The top and
bottom panels show results for α = −1 and 0.5 respectively. This illustrates that
with stronger gravity (larger α), a given halo is more likely to become more massive,
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Figure 4.6: Halo abundances with rs = 5 Mpc ratioed to α = 0. In all panels, data
points are from simulation, whereas curves are from our excursion set calculation. In
the top left panel, (blue) long dashed and (red) short dashed curves are for α = 0.5
and −1, respectively, and all models had the same initial fluctuation spectrum (so
that α = 0 has σ8 = 1 today). The top right panel shows the ratio of counts in two
α = 0 runs, but with different initial conditions, taylored so that σ8 at z = 0 is the
same as in the α = 0.5 (long dashed) and −1 (short dashed) runs. Short dashed
curves in bottom panel show the ratio of the α = 0.5 counts to that in the α = 0 run
when it has been normalized to have the same (linear theory) power spectrum at
z = 0 as the α = 0.5 run. Long dashed curve shows a similar analysis of the α = −1
case. This panel shows the ratio of the numerators in the previous two panels.
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Figure 4.7: The panel on the top is for α = −1.0 vs. standard, the bottom is
α = 0.5 vs. standard. The points come from selecting big haloes in each realization
of the modified gravity simulation and then finding the corresponding halo in the
standard gravity simulation, and then the reverse. N is the number of particles in
the identified haloes. The tilt shows that in stronger gravity massive haloes are
likely to have more particles. The “tails” in the lower left are unimportant.
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but this only matters for haloes more massive than about ρ̄rs3 .

4.4

Halo density profiles
Another study that can be undertaken is to consider the evolution of the

density profile of haloes. Figure 4.8 shows one such study, in this case, the three
objects all started as tophats with the same density, but different values of α, and
the plots show the density profile for two different values of rs and at three different
times, one corresponding to turnaround, one to when one shell reaches a density of
200 times the background, and the final to when the density enclosed in the outer
shell reaches 200 times the background. One thing to note is that since gravity has
a different strength in the three simulations and they started at the same density,
in each of the simulations the objects collapse in different amounts of time. For
positive α, objects collapse faster, whereas for negative objects collapse slower, the
larger rs is the smaller this difference in collapse time is. This explains why the effect
is noticeable earlier for negative α: the turnaround time is later than for standard
gravity, so the deviation is greater.
In the two modified gravity cases, the behavior is strikingly different from
standard gravity, with the formation of sharp spikes at the edge of the halo in the
negative α case, and the formation of a large central peak in the positive α case.
Whether these profiles would hold through virialization is unknown, but since the
effect is so strong during the period before collapse it seems likely that the profile
of virialized haloes would be affected. If so, then halo profiles might provide new
interesting constraints on α. However, to place such constraints, one would have to
extend our analysis to more realistic initial profiles which do not have sharp edges –
although it is likely that the formation of the cusp at the boundary when α < 0 will
remain. Note that for larger rs is, the smaller the difference from standard gravity.
The reason that these profiles are so different from standard gravity is
due to the violation of Birkhoff’s theorem. In the positive α simulation, gravity is
stronger for the outermost shells, which would lead to the shells piling up at the
outer edge if the exterior mass could be neglected. However, the effect of gravity
from exterior shells is proportional to both the density of the exterior shell and α,
which means that when the outer shells cross rs , they begin to force the inner shells
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Figure 4.8: Plots of the evolution of the enclosed density of initially tophat overdense
regions in standard and modified gravity. The top plot is standard gravity, the left
corresponds to α = 0.5, and the right to α = −1.0. In the modified gravity plots,
the solid line corresponds to rs = 5 Mpc/h, while the dashed have rs = 10 Mpc/h.
The mass of this halo is 1015.3 M /h. The density profile is shown (from bottom to
top) at turnaround, when a shell reaches a local density of 200 ρb , and when shell
within which the enclosed mass is 1015.3 M /h reaches an enclosed density of 200 ρb ,
note that for standard gravity these last two conditions occur simultaneously. The
trend to observe is that increasing rs , leads to halo profiles that are more similar to
standard gravity.
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inward. This causes the spike that we see in the core of the positive α case. In
the case of negative α, the opposite happens: the center is cleared out by the outer
shells. Briefly, the force from an exterior shell, of size rs or larger, is inward in the
case of positive α and positive density, and outward for the case of negative α and
positive density. This means that when the outer shells of the perturbation, where
the density is significant, cross rs , they push the inner shells in for positive α, and
out for negative α, thus causing the profiles that we see.

4.5

Constraining α and rs
With calculated mass functions, we can compare to current high mass clus-

ter counts to derive a constraint on the space of possible (α, rs ). Such constraints
have been studied previously [34, 36], but have focused on constraints coming from
the power spectrum. In the first paper [34], they use the Peacock-Dodds prescription to calculate the nonlinear dark matter power spectrum from the linear power
spectrum, while in [36] they calculate the nonlinear dark matter power spectrum
from N-body simulations. Given this power spectrum, they compare it to the power
spectrum of SDSS L∗ galaxies by allowing the linear bias to be a free parameter and fixing it to the best value for each (α, rs ) pair. They then assume that
∆χ2 (α, rs ) ≡ χ2 (α, rs , b∗,localmin ) − χ2 (αmin , rs,min , b∗,min ) follows the χ2 distribution
for 2 degrees of freedom, where αmin ,rs,min , and b∗,min represent the global best-fit
values.
We are able to directly compare our mass functions to those of [53] and calculate the same ∆χ2 (α, rs ), without fitting a linear bias factor, and we can also consider both “cluster” and “CMB” normalizations to derive constraints. Figure 4.10
shows the result of this, with the black curve being “cluster” normalized, and the
blue being “CMB” normalized, and the lines from the center outward representing
one, two, and three σ confidence levels. The constraints that we derive here are
roughly comparable to those derived by [34, 36], though slightly tighter. In addition, we feel that our constraints are better in that they do not involve the fitting
of a free parameter to the data. Note that the constraints for the CMB normalized
curves are weaker than those of the cluster normalized curves, we can trace this to
Figure 4.5, where we can see that the solid line is closer to unity than the dotted line
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in the mass range of clusters, 1014 −1015 M /h. This is because the mass function is
determined by the shape of the barrier and the shape of the initial power spectrum,
so that in the case of CMB normalization only one of these components changes (the
barrier), whereas for cluster normalization both change, leading to a larger change
in the mass function.

4.6

Conclusions
We presented a study of nonlinear effects in a model with a modified grav-

itational potential (equation 4.6). In particular, we showed how the spherical evolution model is modified, and the effect this has on the abundance of virialized
objects. Haloes are more massive in models where gravity is stronger on large scales
(Figure 4.7), although this effect is only important for sufficiently massive objects
whose evolution brings them close to the scale rs on which gravity was modified.
The effect this has on the abundance of massive objects depends on how the models
are normalized. If normalized so that the fluctuation field is the same at early-times
(CMB-normalized), then the models with α > 0 have more massive haloes (solid
curves in Fig. 4.5 differ from unity). This remains true, although the dependence
on α is reduced, if the models are normalized to have the same (α-dependent) linear theory rms fluctuations today (compare solid and dashed curves in Fig. 4.5).
If normalized to have the same (linear theory) rms fluctuations today, whatever
the value of α, then the trends can be reversed (compare dotted curves with unity
in Fig. 4.5). This last normalization convention is sometimes known as ‘clusternormalized’: our work suggests that, in the context of modified gravity models, this
jargon is misleading!
We showed that our analysis captures the essence of the trends seen in the
simulations (Figure 4.6), so, in principle, the abundance of rich clusters should place
interesting constraints on modifications to the gravitational potential. In particular,
the modification to cluster abundances cannot be reproduced by standard gravity
with initial conditions modified to match the change in the linear theory power
spectrum; the differences in abundance can be larger than ten percent for sufficiently
massive haloes (Figure 4.5). However, to use cluster counts quantitatively in this
way, our analysis should be extended to models in which objects form from an
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Figure 4.9: One, two, and three σ confidence intervals in the (α, rs ) plane for “cluster” normalized (black), and “CMB” normalized (blue) mass functions, based on
data from [53]. The constraints for the blue curve are weaker than the black because modifying both the barrier and the initial power spectrum (cluster normalized)
has a stronger effect than just changing the barrier and using the same initial power
spectrum (CMB normalized), leading to stronger constraints.
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ellipsoidal collapse, as was necessary for standard gravity [18, 54].
Our analysis also helps to understand an interesting fact about the shape
of the nonlinear power spectrum in modified gravity theories. Figure 7 in [35] shows
that whereas the large scale power spectrum in modified theories may be rather
different than in standard gravity (because the linear growth factor is modified),
the power on small scales (k > 1) is unchanged. Our analysis shows that, because
small mass objects were never larger than the scale rs on which gravity was modified,
they are not affected by the modification, so their abundance is the same as in the
standard case. This is not affected by the initial conditions that we choose so that
both when α is non-zero, and when the power spectrum is changed so that we end
up with a final power spectrum the same as in the case of modified gravity, the
abundances of small haloes is unaffected. In addition, their formation histories will
also be unchanged, so their internal structural parameters (shapes, density profiles)
are also unchanged. In the halo model description of large scale structure [11], the
power at k > 1 is dominated by small mass haloes. Since these are the ones for which
gravity is essentially unmodified, the small-scale power spectrum is also unchanged.
Figure 4.10 shows the result of a complementary study. In this case, we
selected a massive halo from one of the simulations (say α = 0.5), and then looked
at where its particles were in the other runs (with different α). The figure illustrates
clearly that when α = 0.5, then the particle distribution is more compact. E.g., in
the top panel, the large halo in the α = 0.5 run is broken up into three smaller haloes
in the α = −1 run. The bottom panel shows another effect: that the particles which
made up a halo in the α = −1 run are in a different location in the α = 0.5 run,
suggesting that the peculiar velocities of the most massive haloes are also sensitive
to α.
The sequence of contours associated with the different α runs look rather
similar to the time evolution of an object in, say, an α = 0 model. Thus, the most
massive haloes in models with α < 0 may be like high-redshift versions of the most
massive haloes in models with α > 0. Therefore, these figures suggest that the
galaxy populations in massive clusters may be rather different in models with large
α than when α is small. In particular, it is likely that the difference between the
cluster and field galaxy populations increases as the strength of gravity on large
scales increases. This is largely a consequence of the different σ8 values in these
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Figure 4.10: Spatial distribution of a massive halo chosen from the α = 0.5 (left)
and −1 (right) simulations. The black, green, blue, and red contours show the
positions of the particles that make up the chosen halo in the α = 0.5, 0, −0.5,
and −1 simulations, respectively. In the left panel, note that the central dense
halo spreads out for weakening gravity, and in the right panel the upper left halo
merely moves. Axes show the (x, y) coordinates of the haloes in grid coordinates,
100/256h−1 Mpc.
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runs – so cluster M/L ratios, currently used to to constrain σ8 [56, 57], may one
day be used to constrain modifications to gravity.
Furthermore, in standard gravity models, there is a strong correlation between evolution and environment [22, 23, 55]. There are two reasons to suspect
that this will be different if the gravitational potential is modified. First, in the
standard model, the correlation between local environment and evolution is a consequence of Birkhoff’s Theorem. Birkhoff’s Theorem is lost when the force law is
modified (it is this which modified our spherical evolution model from the standard
case). And second, Figure 4.10 shows that the time scale for the assembly of objects
is modified. The environmental dependence of galaxy properties is in rather good
agreement with the standard model [58, 21, 59], so it may be that this will one day
provide interesting constraints on α. This is the subject of work in progress. In
standard gravity, the formation and abundance of voids can be estimated using similar methods to those used for clusters [60] – extending our analysis of the modified
potential to voids is the subject of the next chapter.
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Chapter 5

Modified Gravity and Void
Formation
5.1

Introduction
A complementary study to study of dark matter halo formation is the study

of the formation of voids. In exactly the way that most of the mass in the universe
is bound up in virialized structures, much of the volume of the universe is occupied
by low density regions known as voids. In addition, just as haloes form from regions
of above mean density in the early universe, voids form in regions of below mean
density, which means that the techniques that we have used previously to study
haloes can be adapted to study voids as well. Further, there is even an advantage to
studying voids using the method of spherical collapse, namely, while we know that
the shape of minima and maxima in the early density field is not spherical in general
[61], as underdense regions in the universe evolve, they become more spherical so
we can hope that our analysis provides a better fit than for haloes where we know
that considering an ellipsoidal collapse model will give us more accurate results.
Following on the work of the previous chapter, we shall use the spherical
collapse model worked out there to study the evolution of underdense regions of
the universe. Given a similar threshold for “collapse”, though the situation is more
complicated than it is for haloes, we can then use excursion set methods to generate
the mass function of voids in our modified gravity model, and compare them to the
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results of running void finding software on the output of the simulations of [35].

5.2

Evolution of underdensities
We can extend the excursion set methods that have been discussed and

used previously to study voids, and associate with a void with a region that crosses
a barrier of sufficient underdensity. One subtlety that we have to concern ourselves
with, however, is that even if a given walk crosses our barrier, at some larger scale
it may cross the barrier associated with spherical collapse, indicating that rather
than identifying it as a void, it should be identified as a halo. This results in void
formation being a two barrier problem [60], and we will discuss this in more detail
in section 5.3.1. Before we can apply excursion set methods, we need to calculate
the critical density for void formation, which we will again do by considering the
evolution of underdense regions with an initially spherical tophat density profile.

5.2.1

The spherical tophat model
For voids, much of the discussion in section 2.1 and section 3.2.1 remains

unchanged. In standard gravity, the solution is not a cycloid, but similar: the sines
and cosines are replaced by their hyperbolic counterparts. This leads to the difficulty
that the idea of collapse is not as well defined for voids as for haloes, so that while
it is clear that a halo is collapsed sometime around when the radius reaches zero,
for a void, one must either consider the condition of “shell-crossing” which occurs
when initially interior shells cross initially exterior shells. In standard gravity, the
objects for which is true are about 0.2 times that of the background. Because of the
ambiguity associated with shell crossing in modified gravity models, we will use this
value, an underdensity of −0.8, to define voids even in our modified gravity model.
To calculate the relevant critical density, we consider the evolution of a
number of concentric shells within which the initial density was uniform, but slightly
below that of the background. We then use the methods of [37] to calculate the
evolution of the shells, until the initial region has expanded sufficiently more than
the background that the underdensity within it has become −0.8. The quantity of
interest is δv , the analog to δc for collapsing structures, which is the critical initial
density which will become a void at the present time (redshift z = 0). In standard
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gravity, δv is independent of void size (as is δc ), but for modified gravity models, we
expect it to depend on void size for the same reason that δc depends on the mass
of the collapsed object. If, in the course of its evolution, the size of a patch never
exceeds rs , then the large-scale modification to gravity is inconsequential. Hence,
for sufficiently small voids, which form from smaller patches in the initial field, we
expect δv to be the same as in standard gravity. For large voids, the effect of the
modification should be stronger. For positive α voids should be easier to form, so
we expect |δv | to be smaller, whereas for negative α the opposite should be true.
To find the scale dependence of δv (Ri ), we study the evolution of underdense patches starting from a large grid of initial underdensities and sizes. Once
we have the scale dependence of δv (Ri ), we can relate it to a mass scale by M =
(4π/3)Ri3 ρ̄i (1 + δi ) ≈ (4π/3)Ri3 , the last relation holding because δi is small. Thus,
we can calculate δv (M ), which is shown in figure 5.1. This has the expected dependence on M and α. Note that we have chosen to express the scale dependence of δv
in terms of M , for ease of comparison with the scale dependence of δc ; in fact, our
Figure for δv is very similar to figure 4.3 for δc . Of course, we could have expressed
it in terms of the initial size Ri , or in terms of the final size rv . This is because
we have defined voids as being 0.2 times the density of the background, making
rv = 51/3 Ri ≈ 1.7 Ri : the comoving radius of a void is 1.7 times larger than it was
initially.
One might wonder why the curves in figure 5.1 are so similar, and yet not
identical, in particular, the δv starts to deviate from standard at a slightly lower
mass than δc even with the same α and rs . This occurs because while both haloes
and voids expand initially, voids continue expanding and haloes recollapse. As a
result, for a given mass (which corresponds to an initial size), a void would cross rs
earlier than a halo, which pushes the modification to slightly lower masses for voids
than for haloes.

5.2.2

Density profiles
Before we use the scale dependence of δv to estimate void abundances, it is

interesting to consider the evolution of the density profile. We started with an initial
tophat density perturbation, which, for α = 0, has been well-studied: the density
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Figure 5.1: Ratio of initial density required for void formation at the present time
to that in the standard gravity model, when the background cosmology is ΛCDM,
rs = 5h−1 Mpc and rc = 70h−1 Mpc. From top to bottom, curves show models
in which α = −1, −0.5, 0, 0.5 and 1 (note that α = 0 is standard gravity). For
reference, the dashed lines are the barriers for haloes
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in the central region remains constant as a consequence of Birkhoff’s theorem, but
a ridge forms at the edge of the void that is caused by the expansion of the inner
shells pushing against the exterior shells ([60] and references therein).
In modified gravity Birkhoff’s theorem no longer holds, so these two features of the evolution are expected to depend on α. Figure 5.2 shows that the
density in the interior region does not remain constant – this is clearly more evident
in the negative α case, but also evident in the positive α case. Ridge formation at
the edge still occurs, but the modification to gravity affects the size of the ridge;
in the positive α case the ridge is smaller in physical size, whereas the opposite is
true for negative α. In particular, for the negative α case the ridge extends further
and trails off much more slowly. The cause of these ridges and the interior profile
is the same as for haloes: the outer shells have a strong effect on the interior shells
(though not as strong as for haloes, as the density is much smaller in a void). As
a note, because δ < 0, the effect of modified gravity on void profiles is opposite to
the effect on the density profiles of haloes, that is the inner shells in negative α are
forced inward, rather than outward.

5.3
5.3.1

Statistics of void abundances
The excursion set method
Now, as before, when the potential is modified, then δv is no longer scale-

independent, so we must use a ‘moving’ barrier. Recovering our techniques from
section 2.2, we again wish to generate random walks in the (δi , Si ) plane and select
those which cross our barrier, but as mentioned above, it is slightly more complicated. The relationship between f (Si ) and dn/d ln M d ln M = (ρ̄/M ) f (Si )dSi is
unchanged, but one must account for a subtlety in the agrument. To estimate halo
abundances, one is careful to choose the first upcrossing of the collapse barrier, thus
giving the largest smoothing radius which is sufficiently overdense that it will collapse today. The larger scale environment is irrelevant: for example, if the larger
scale density is negative, the end result would just be a halo which formed inside
a void. With voids, though, one must worry about underdense regions which are
surrounded by large scale overdensities which would have collapsed by the present
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Figure 5.2: Evolution of the density profile of a void. The three lines are the density
at the initial time, the halfway time (what would correspond to the turnaround time
in halo formation), and the final time. Of note is that ridge formation occurs in all
three cases, though for negative α the density is noticeably enhanced outside even
the ridge.
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time – the void-in-cloud problem. Namely, if on some scale the random walk crosses
below the critical density for void formation, but on a larger scale it crossed above
the barrier for halo formation, then this would be a void which was crushed as the
region around it collapsed. Therefore, such walks should not contribute to the estimated void abundance. As a result, rather than a one barrier problem, we instead
have a two barrier problem [60]: δv must be crossed before δc , is crossed. (A more
conservative version of this argument sets the barrier associated with the collapsing
object to equal that for turnaround rather than full collapse.)
Because there are two barriers, the first crossing distribution has a peaked
shape, with the distribution being cut off at both high and low masses, on the high
end due to the rarity of such extreme underdensities, and at the low end, because
δc < |δv |. In large part, we will not be interested in the intricacies of which halo
formation barrier we should use, as this largely affects only the low mass end of the
mass function, where the modification to gravity is smaller.
Figure 5.3 shows the resulting void mass functions for standard and modified gravity. (We do not show the extremely low mass regime, which is most sensitive
to the void-in-cloud cutoff.) Notice that when α is positive there are more large voids
and fewer small voids, whereas the opposite is true when α is negative. This is from
two effects: one is that any given walk tends to cross later when gravity is weaker
(α < 0) as the barrier is lower (recall δv is negative) and so voids tend to be shifted
towards lower mass. The second effect is that because it is harder to form high mass
haloes in weaker gravity, some walks that cross δc in stronger gravity may not cross
δc for weaker gravity, however due to the fact that they are near δc at high mass, it
is still difficult for such a walk to cross δv even at low mass. The first effect is likely
more significant, but both contribute to the difference at low mass.

5.3.2

Initial conditions
One thing to note about the data points in figure 5.5 is that the difference

between the standard gravity and modified gravity void mass functions comes from
two sources. Perhaps the more obvious is that modifying gravity modifies the behavior of individual structures, changing how quickly they form. This information
is encapsulated in the barrier shape, and hence is accounted for using excursion set
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Figure 5.3: Mass function of voids. Black is for standard gravity (α = 0), red is
for α = −1, blue for α = 0.5. In this case, all three mass functions are calculated
assuming that the initial power spectrum is the same, meaning that the power
spectrum at redshift zero is different.
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Figure 5.4: The spatial distribution of haloes and voids in one of the realizations.
The left is α = −1.0, the center is standard, the right is α = 0.5. In general, the
voids in the positive α case are larger, whereas in the negative α case, they are
smaller.
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Figure 5.5: Ratio of mass function of voids to that in standard gravity, when the
initial power spectrum is the same. Red is for α = −1, blue for α = 0.5. The
histograms are the results from the simulations, the solid lines are the results from
theory.
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Figure 5.6: Ratio of mass function of voids in standard gravity with modified ICs
to standard gravity with standard ICs. The ICs are chosen so that at z = 0, the
simulations had the same power spectrum as the modified gravity simulations. Red
is for α = −1, blue for α = 0.5.
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methods and the result of a shifted barrier is a shift in the function f (S), the first
crossing distribution. The other source is the modification to the power spectrum.
In the study above, we assumed that the initial power spectra were the same for all
the models: however, because gravity is modified, the late time power spectra (in
both linear and nonlinear theory) depend on α (and rs ). But there are two other
possible cases. We could consider modified gravity but with the initial conditions
chosen so that the final power spectrum is that of standard gravity, or we could
consider standard gravity but with the initial conditions modified so that the final
power spectrum is that of modified gravity. In excursion set terms, either of these
choices affects the relationship between M and S.
For haloes, whether one chooses to match the initial power spectrum or
the final power spectrum matters (recall chapter 4), because it changes the mapping
between S and M (or R), and this mapping comes into two parts of the calculation:
the transformation of δ(M ) into δ(S), and the relation between f (S) and n(M )dM .
The same is true for voids so, in what follows, we will consider some of these other
possiblities as well.

5.4

Comparison with simulations
We now compare our spherical evolution predictions for void abundances

with measurements in the simulations of [35]. These simulations followed the evolution of 1283 particles in a periodic box of size 100h−1 Mpc, for various choices of
α and rs . In all cases, the background cosmology was flat ΛCDM with Ω = 0.3,
and the particle mass was 1.1 × 1010 M . The α = 0 simulation, with standard
initial conditions has σ8 = 1.0 at z = 0. The corresponding runs for α = 0.5 and
α = −1 have σ8 = 1.10 and 0.84 respectively. Following our discussion of how the
halo and void counts depend on the shape and normalization of the initial power
spectrum, we also study results from α = 0 simulations in which the initial power
spectrum was modified so that, at z = 0, it has the same shape as the two α 6= 0
cases (σ8 = 1.10 and 0.84).
The simulations were analyzed using the void finder of [62]. Figure 5.4
shows the haloes and voids found in three runs, all with the same initial conditions.
Notice that the voids are largest when α = 0.5 and smallest when α = −1, in
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qualitative agreement with expectations. Since the α = 0.5 run has more large
scale power at z = 0 this is not surprising. Figure 5.5 shows the results of a more
quantitative comparison: although qualitatively similar, the predicted effects (solid
lines) for large voids are larger than we find in the simulations, and the effect on
small voids is smaller than is observed.
We explore the dependence on choice of initial conditions in two steps. The
top panel in Figure 5.6 shows the ratio of void counts in two standard gravity runs,
one with initial conditions modified to produce the same z = 0 power spectrum
as α 6= 0, and the other with the standard σ8 = 1 initial conditions (note that the
modification to the initial conditions is different for the two values of α shown). This
plot is qualitatively similar to the previous one, because stronger large-scale gravity (α > 0) is qualitatively like having more large scale power, but the differences
between these two plots shows that the result of modifying gravity is not degenerate with modifying the shape and normalization of the initial power spectrum.
Figure 5.7 shows this information slightly differently: here, the void counts in the
α 6= 0 run are ratioed to the counts in the α = 0 run in which the initial conditions
were tuned to produce the same z = 0 power. The fact that the ratios are not unity
implies that there is more information in the void size distribution than in the power
spectrum itself.
Finally, Figure 5.8 shows the ratio of void counts when it is the initial
conditions in the the modified gravity runs which have been tuned to produce the
same z = 0 power spectrum (rather than tuning the α = 0 initial conditions).
Unfortunately, we do not have simulations of this case, but we again see that the
ratio is predicted to differ from unity, indicating that modifications to gravity are
not degenerate with changes to the initial conditions.

5.5

Conclusions
The study of the formation of voids provides a useful counterpart to the

the study of the formation of haloes because the evolution of the two is quite similar
in a number of ways. Since voids are so large, and in general fill space, they can
also be useful probes of cosmology.
Whether stronger large-scale gravity produces more or fewer large voids de59

Figure 5.7: Ratio of void counts when α 6= 0 to that when α = 0 but the initial
conditions for the α = 0 runs have been tuned to produce the same power spectrum
at z = 0 (this tuning is different for the two values of α shown). Red is for α = −1,
blue for α = 0.5.
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Figure 5.8: Ratio of void counts in modified gravity simulations to those in standard
gravity. Here, the standard gravity runs use standard initial conditions, but the
modified gravity runs use different initial conditions, chosen so that the z = 0 power
spectrum is the same as it would be for standard gravity. Red is α = −1, blue is
α = 0.5.
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pends on how one normalizes the models. When normalized to have the same power
spectrum at early times, stronger gravity produces more large voids (Figures 5.3 –
5.5). However, when normalized to have the same power at z = 0, then the result
depends on how one chooses to do this. If this is done by increasing/decreasing
the initial power spectrum in models with α < 0/α > 0, then one still expects the
stronger gravity models to produce larger voids (Figure 5.8), although the predicted
abundances are quantitatively different. However, if one modifies the standard gravity initial conditions to match those of the α 6= 0 models (increase/decrease initial
large scale power to match α > 0/α < 0), then one predicts more/fewer large voids
when α < 0/α > 0 relative to the α = 0 case. This dependence on how the models
were normalized is qualitatively similar to the trends seen for massive haloes [37].
We presented a method for estimating these effects which is in good qualitative greement with the simulations, but there are quantitative differences. In
particular, the agreement is not as good as it was for describing haloes. Larger
simulations are required to determine if this is due to the relatively small size of the
simulation boxes available to us, or to some more fundamental problem with our
analysis.
We also showed that the density profiles of voids may also provide interesting probes of modified gravity (Figures 5.2 and 4.8). The effects on halo profiles is
strong: halo profiles in the α < 0 case generally produce cusps at the virial radius,
whereas when α > 0 the haloes are more centrally concentrated. For voids, the
structure of the void walls also depends on α, though not as strongly. We hope our
results will prove useful in studies which use the large scale distribution of galaxies
to constrain large scale modifications of gravity.
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Chapter 6

Conclusions
The preceding work had as its goal furthering our understanding of gravity
and its implications for structure formation. It did this through considering generic
and simple models of structure formation that one can understand in depth so that
that understanding can be applied to more complicated processes – the nonlinear
effects that take place in N-body simulations are difficult to describe precisely, and
even N-body simulations are (hopefully) simplified versions of the real dynamics.
We started, in Chapter 2, by briefly describing some of the techniques that
we would use in the following Chapters, namely the spherical collapse model, and
excursion set techniques. As simple as spherical collapse is, it is a true example of
a solvable fully nonlinear system.For this reason, we can use it to approximate the
more complicated situations that arise in more complex simulations. Excursion set
methods give us a way to relate the initial density field to the final mass distribution,
and while they too make a number of simplifying assumptions, it is inarguably the
case that collapsed haloes represent regions which were initially more dense, and
voids represent areas which were less dense.
Chapter 3 deals with how to correctly modify the calculation of the critical
density for the collapse of a halo based on its environment in matter only universes.
In a region of density higher or lower than background, the density required for
a halo to collapse is the same as that in a universe of that density–as long as one
properly accounts for the difference in the Hubble constant. In addition, this value is
the same as the critical density in the background universe, but is easier (or harder)
to reach because the density in the region is higher (or lower) than the background
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density. This statement is complicated when one considers the linearly evolved
critical density, as is the usual practice, but as long as one considers the initial
density field, the statement is simple and intuitive. In a given background universe,
the density that a patch needs to be to collapse does not depend on environment,
but structures form more readily in dense regions any given patch is more likely to
be of higher density.
Chapter 4 and chapter 5 consider spherical collapse, but in a theory of
gravity that has been modified in a particularly simple fashion. Chapter 4 focuses
on the prediction of the mass function of virialized haloes, while chapter 5 studies
voids. Studying the mass function of haloes and the volume function of voids gives a
method of constraining such models that is separate from just considering the power
spectrum. In addition, there are concerns that are brought up when one considers
a modified theory of gravity that stem from the fact that linear growth is no longer
scale independent, and for this reason it is simpler to study the initial density field
rather than the linearly evolved density field, as is done in standard gravity. .
The agreement between our calculated mass functions and those of simulation was quite good, while for voids, though the trends were correct, the agreement
was not as quite good. The question of why the agreement between the calculated
void function and the function from simulation was not as good as the halo mass
function is still open, but we can still see that studies involving voids can be used as
cosmological probes in exactly the same manner (with the same utility and effectiveness) as clusters. In particular, clusters and voids are valuable tools for studying
cosmology because they are probes of structure growth in the universe which is
generically changed in modified gravity models.
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Appendix A

Satellite Luminosities in Galaxy
Groups
A.1

Introduction
The purpose of this appendix is first to present a result that comes from

the halo model in standard gravity. We will also make some comments regarding the
difficulty that one would face in attempting this calculation in the modified gravity
model that we considered in chapter 4 and chapter 5. This work is notable not so
much as a specific example of a calculation that we would wish to do in modified
gravity, but as an example of the power of the halo model framework.
The halo model [11] has become the preferred language in which to interpret measurements of galaxy clustering. Recently, the luminosity dependence of
clustering in the Sloan Digital Sky Survey (SDSS,[63]) Second Data Release (DR2,
[64]) has been expressed in terms of the halo model [65]. If this halo model decomposition is correct, then the luminosity of the central galaxy in a halo depends
strongly on halo mass, whereas the luminosities of satellite galaxies depend only
weakly on the masses of their host haloes[66]. The main goal of this paper is to
test this prediction. We do this in Section A.2 by studying the satellite population
in the group catalog of [67]. The abundance of groups decreases and the clustering
strength increases with increasing richness, as expected [68]. This suggests that
the test we perform is unlikely to have been biased by incompleteness effects in the
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catalog. As an additional check, we show that the satellite population in the group
catalogs of [69] are similar to those from [67].
Dark matter haloes have substructure [70, 71, 72]. If we identify subhaloes
with satellite galaxies [73, 74], then the halo model makes specific predictions about
how center and satellite galaxies of the same luminosity differ; this difference is the
subject of Section A.3. These predictions can also be tested by studying how stellar
and total mass-to-light ratios depend on environment; how the luminosity function of
clusters (after removing the BCG) depends on cluster richness; and how the amount
of intracluster light depends on cluster richness. The connections between these tests
and the halo model are discussed in a final section which summarizes our findings.
Throughout, we assume a spatially flat cosmology with Ω0 = 0.3, Λ0 = 1 − Ω0 and
σ8 = 0.9, and we write the Hubble constant as H0 = 100h km s−1 Mpc−1 .

A.2

The halo model and group galaxies
The halo model decomposition provides a prescription for how the galaxy

population in a halo depends on halo mass. In practice, halo mass is not an observable, so comparison of this prediction with the objects in a group catalog is not
straightforward. However, the halo model decomposition can be re-written so that
observable quantities are predicted: these include the number density of groups
containing N galaxies more luminous than some threshold luminosity, as well as
the average luminosities of the central and satellite galaxies as a function of N .
Specifically,
Z

∞

dn(M )
p(N |M ),
dM

(A.1)

dn(M ) p(N |M ) Lcen (M )
dM
ngrp (N )

(A.2)

dn(M ) p(N |M ) hLsat |M, Lmin i
,
dM
ngrp (N )

(A.3)

ngrp (N ) =

dM
Mmin (Lmin )

Z

∞

hLcen |N i =

dM
Mmin (Lmin )

and
Z

∞

hLsat |N, Lmin i =

dM
Mmin (Lmin )

where dn(M )/dM is the halo mass function (we use the parametrization given by
[18]), and the distribution p(N |M ) has mean
D


E
D
E
N |M, ≥ L = 1 + Nsat |M, ≥ L = 1 +
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M
M1 (L)

α(L)
,

(A.4)

with Nsat drawn from a Poisson distribution [65]. Here M1 (L) ≈ 23 Mmin (L), where
Mmin denotes the minimum mass required to host a galaxy of luminosity L or
greater, and α ≈ 1.
The minimum mass scales with r-band L (our r-band is actually the SDSS
r filter shifted to z = 0.1, sometimes denoted 0.1 r) as




L
Mmin
≈ exp
− 1,
1012 h−1 M
1.1 × 1010 h−2 L

(A.5)

so

[66], assuming M

r



Lcen
M
≈ ln 1 + 12 −1
(A.6)
1.1 × 1010 h−2 L
10 h M
= 4.76 [75]. Note that the luminosity of the central object is

predicted to increase linearly with halo mass when M  1012 h−1 M , but the increase is only logarithmic at larger M (also see [76]). This is qualitatively consistent
with the findings of [77, 78, 79]
The mean satellite luminosity is given by
Z ∞
D
E
[M/M1 (L)]α(L)
Lsat |M, Lmin = Lmin +
dL
.
[M/M1 (Lmin )]α(Lmin )
Lmin

(A.7)

Figure 2 of [66] shows that this is a much weaker function of M than is Lcen . To see
why, notice that if α(L) were independent of L, then the mean satellite luminosity
would be independent of M . This suggests that the L-dependence of α reflects the
mass dependence of satellite luminosities: the halo model prediction that satellite
luminosities depend only weakly on halo mass is a consequence of the fact that α is
only weakly dependent on L.
Figure A1 compares equation (A.3) with the mean satellite luminosity in
the Mr ≤ −19.9 group catalog of [67]. This catalog is drawn from the SDSS Fourth
Data Release (DR4, [80]); it is volume-limited over the redshift range 0.015 < z <
0.100, and consists of 21301 galaxies in 4119 groups having three or more members.
The groups were identified using a redshift-space friends-of-friends algorithm, which
was tuned to identify galaxy systems that occupy the same host dark matter halo,
based on halo occupation distribution models, the group multiplicity function, and
distributions of group sizes and velocity dispersions. See [67] for details of the
algorithm and resulting catalogs.
We also compare to a group catalog of [69] and [81], which is drawn from
the SDSS DR2 [64]. When restricted to the same volume limited cuts, it consists
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Figure A1: Comparison of the mean satellite luminosity in groups containing Ngal
members each more luminous than Mr ≤ −19.9 (lower set of symbols with error
bars). Triangles and squares show results from the group catalogs of [67] and [69],
respectively, and the points have been slightly offset in log(Ngal ), for clarity. Lower
solid line shows the halo model prediction of this quantity (equation A.3). Upper set
of symbols with errors show that the mean central luminosity Lcen is a stronger function of N than is Lsat . Solid line shows that the halo model (equation A.2) correctly
predicts the stronger N dependence, but overpredicts the actual luminosities.

68

of 10475 galaxies in 3260 groups having two or more members. The groups were
identified using a different redshift-space friends-of-friends algorithm. See [69] for
details of the algorithm, and [81] for their application to the SDSS. The two sets
of symbols in Figure A1 show that, whereas the [69] catalog has slightly brighter
central galaxies at fixed N , the two group catalogs predict almost the same scaling
of hLsat i with N .
The halo model parameters associated with this luminosity threshold are
Mmin ≈ 1012 h−1 M

and α = 1.13, according to the halo occupation distribution

analysis of [65]. The symbols in Figure A1 show that Lsat increases only very
weakly with N (essentially because it increases only weakly with M ), whereas Lcen
is a stronger function of N . The solid curves show that, although equation (A.2)
overpredicts the luminosities of the central galaxies, equation (A.3) reproduces the
scaling of Lsat with N quite well. Although the agreement is not perfect, it is
nevertheless remarkable, because the halo model decomposition into central and
satellite objects is done without ever identifying groups and clusters in the SDSS
dataset. Therefore, this agreement with the satellite population in an actual group
catalog represents a nontrivial success of the approach.
Equations (A.4) and (A.5) imply that the satellite galaxy luminosity function is given by

φsat (≥ L|M ) =

M12
23

α(L) h

exp(L10 ) − 1

i−α(L)

(A.8)

where M12 = M/1012 h−1 M and L10 = (L/1.1)/1010 h−2 L . If α(L) is independent
of L, then M determines the normalization of the satellite galaxy luminosity function
but not its shape. (This is not quite true, because a given M would not host satellites
more luminous than Lmin , so, strictly speaking, it is the faint end shape of the
satellite galaxy luminosity function which would be independent of halo mass M .)
If α is independent of L, then the cumulative function is φsat (≥ L|M ) ∝ exp(−α L10 )
at L10  1, so the luminosity function itself also falls as exp(−α L10 ) at L10  1.
In the other limit, L10  1, the cumulative function is φsat (≥ L|M ) ∝ L−α
10 so
φsat (L|M ) ∝ L−α−1
. This shows explicitly that the satellite galaxy luminosity
10
function should be reasonably well fit by a Schechter-like form, even though this
form played no explicit role in the halo-model parameterization. Note that L10 = 1
is indeed close to the value of L∗ associated with a Schechter function fit to the
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SDSS luminosity function [75].
For completeness the luminosity function is
α(L)
M12 /23
Lφsat (L|M ) = α L10
exp(L10 ) − 1


exp(L10 )
ln(M/M1 ) d ln α
×
−
exp(L10 ) − 1
L10
d ln L


(A.9)

If α does not depend on L, then this simplifies to

Lφsat (L|M ) =

A.3

M12
23

α

αL10 e−αL10
.
[1 − exp(−L10 )]1+α

(A.10)

Galaxies as halo substructure
Dark matter haloes are expected to have substructure. Recent work sug-

gests that numerical simulations now give reliable estimates of the subhalo mass
function:
dN (m|M )
dm = 0.01
dm



M
12
10 h−1 M

0.1 

M
m

0.9

dm
m

(A.11)

[82]. Hence, the number of subhaloes more massive than m is


M
12
10 h−1 M

0.1 "

N (≥ m|M ) =

0.01
0.9

#

M 0.9
−1
m
 0.9
M
.
m



M
1012 h−1 M

0.1

≈

0.01
0.9

(A.12)

If we use M1 to denote the value of M at which the number of subhaloes is unity,
then the expression above implies that


M1
m




≈ 90

1012 h−1 M
m

0.1
≈

90
,
m0.1
12

(A.13)

where m12 is the subhalo mass in units of 1012 h−1 M . This shows that the mass
required to host at least one subhalo of mass m is about 90 times greater than m.
This is substantially larger than the value of 2m that one might naively have guessed
from mass conservation.
Suppose we identify satellite galaxies with subhaloes, and require that the
relation between satellite galaxy and subhalo mass is monotonic and deterministic
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(e.g. [73, 83], although these authors argue that it is more reasonable to use subhalo
circular velocity rather than mass). Then requiring that


M
N (≥ m|M ) =
M1 (L)

α(L)
(A.14)

provides a constraint on the mass-to-light ratio of subhaloes. We are particularly
interested in quantifying how different this ratio is for satellite galaxies compared
to centrals. We expect a difference simply because the mass required to host two
galaxies above some luminosity is of order twenty times larger that that required to
host one, and 20 is much smaller than 90.
The expression above requires
α(L)

M12 /23
M12 /90
=
0.9
exp(L10 ) − 1
m12

(A.15)

(recall L10 is the luminosity in units of 1.1 × 1010 h−2 L ), which can be rearranged
to
m0.9
12 =

iα(L)
M12 /90 h
exp(L
)
−
1
.
10
(M12 /23)α(L)

(A.16)

In contrast, the relation for centrals is M12 = exp(L10 ) − 1 (cf. equation A.5). To
see what this difference implies, it is instructive to consider the case when α = 1
independent of L. Then

m12 =

=

23
90

10/9 h
i10/9
exp(L10 ) − 1

exp(L10 ) − 1
exp(13.643) − 1

1/9 h

i
exp(L10 ) − 1 .

(A.17)

The first line shows that satellites with L10 = 1 (recall this is approximately L∗ )
are 0.233 times less massive than centrals of the same luminosity. The second line
shows that satellites are less massive than centrals provided L10 < 13.643. Notice
that these relations do not depend on the mass M12 of the parent halo. If the
smaller mass for the satellites is due to tidal stripping (this assumes no change in
the luminosity of the satellite as it falls onto its parent halo), then α = 1 suggests
that, on average, a galaxy loses the same fraction of its original dark matter halo
whether it falls into a small group or a massive cluster. If α 6= 1, then the mass
(1−α)/0.9

fraction which survives scales with parent halo mass as M12

, although the

overall scaling depends on L10 . However, if α = 0.9, then the mass fraction which
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1/9

survives increases with parent halo mass as M12 , independent of luminosity. If
α > 1, then the mass fraction which survives decreases with increasing M12 . Our
neglect of even passive evolution means that we are slightly overestimating the
masses of the satellites prior to stripping, so we are slightly overestimating the mass
fraction which is stripped.
The analysis above assumes that halo substructure at a given time is related
to the galaxy population at the same time. It is not obvious that this is reasonable:
equation (A.11) for the subhalo population is calibrated from simulations of dark
matter clustering. Some of the subhaloes which disrupt in these simulations are
expected to survive if the effects of baryons are included. This is because baryons
cool into the center of their host halo, thus inhibiting disruption [72, 84, 85]. This
particularly affects the galaxy population close to the halo center: subhaloes near
the host halo center tend to be more tidally stripped, making the mass-to-light ratio
of satellites smallest close to the center, and larger at larger radii [70, 86, 87, 72, 88].
As a consequence of this effect, models which seek to identify z = 0 subhaloes in
dark matter only simulations with z = 0 galaxies will have trouble accounting for
the ‘orphan’ satellite galaxies which should remain after their subhaloes have been
disrupted; these orphans are expected to contribute to the abundance and smallscale clustering of faint galaxies (e.g. [89]). Our analysis does not account for this
effect, because it will only increase the difference between the mass-to-light ratios
of centrals and satellites of the same luminosity.

A.4

Discussion
Halo model interpretations of the observed luminosity dependence of galaxy

clustering suggest that central galaxies in haloes are different from all the others—
the satellites. Whereas the luminosity of the central object is predicted to be a
relatively strong function of halo mass (equation A.6), the mean luminosity of satellite galaxies (i.e., those which are not central galaxies) should depend only weakly
on halo mass (equation A.7). Since the number of galaxies in a halo is also predicted
to increase steeply with increasing halo mass, the luminosity of the central galaxy
is expected to depend strongly on the number of galaxies in a group, whereas the
average luminosity of the satellites is expected to depend little if at all on the group
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‘richness’. Figure A1 shows that this prediction is in good quantitative agreement
with a direct measurement of this trend in a catalog of galaxy groups.
In fact, not just the mean, but the entire shape of the satellite galaxy
luminosity function, is predicted to be approximately independent of halo mass,
having a steep power-law form at L  1010 h−2 L , and an exponential cutoff at
L  1010 h−2 L

(equations A.8 and A.10). Thus, the satellite luminosity function

is predicted to have a form like that proposed by [90], even though this functional
form played no role in the halo model parametrization.
The approximate mass independence of φsat (L) suggests that approaches
which use the halo model to infer how the number of galaxies above some L depends
on halo mass (e.g. [65]; sometimes called the HOD approach) may help simplify
halo model decompositions which are based on the conditional luminosity function
[91, 79, 92]. This is because the CLF approach must separately parametrize how
the luminosity function of central and satellite galaxies depends on halo mass: the
HOD-based analysis here suggests that ignoring the mass dependence of the satellite
galaxy LF (thus reducing the numbers of free parameters to be fitted) should be a
reasonable first approximation.
The mass-independence of the satellite luminosity function has implications for the stellar mass-to-light ratios of satellite galaxies. Since M∗ /L is strongly
correlated with galaxy color [93], the approximate independence of Lsat on halo mass
means that we should expect that satellite color is an excellent indicator of satellite
stellar mass, regardless of the mass of the host halo.
The approximate independence of satellite luminosity functions on group
size also suggests that the extreme value statistics of the sort pioneered by [94]
should provide a good description of the luminosity function of the most luminous
satellites. Note that most previous work has used extreme value statistics to model
the luminosity function of the central rather than satellite galaxies [95]. This is
the subject of work in progress (also see [96]). More recent work has phrased this
discussion in terms of the luminosity gap between the first and second, or second and
third ranked galaxies in clusters. For example, [97] suggest that the gap between
first and second ranked galaxies is correlated with the dynamical age of the system:
“fossil” groups, poor clusters, and rich clusters are distinguished by the time since
their last major merger, so their luminosity gaps differ. In addition, [92] find that the
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average luminosity gap and the fossil group fraction both increase with decreasing
host halo mass.
This last finding is particularly easy to understand in the context of our
results. At small halo masses, the luminosity of the central galaxy grows linearly
with halo mass, but the growth is only logarithmic at large masses (equation A.6).
On the other hand the number of satellites grows slightly more strongly than linearly
(equation A.4). If the satellite luminosity function is independent of halo mass,
then massive haloes are allowed more draws from the universal satellite luminosity
function. If this function has an exponential tail, and equations (A.9) and (A.10)
suggest that it does, then the most luminous of these draws grows logarithmically
with the number of draws, so it grows logarithmically with halo mass. Thus, the
luminosity gap is larger at small masses, and decreases at larger masses. This effect
is further helped by the fact that (i) the satellite luminosity function is not quite
independent of halo mass—mean satellite luminosity increases slightly with halo
mass; (ii) in equation (A.4), M1 (L) ≈ 23 Mmin (L), but the factor of 23 is replaced
by a smaller factor at large L. In effect, this allows for even more luminous satellites
in massive haloes.
If satellite galaxies are associated with the subhaloes of dark matter haloes,
then the halo model predicts that central and satellite galaxies of the same luminosity should differ in mass by factors of about 90/23 ∼ 4 (the centrals being more
massive), whereas the stellar masses at fixed luminosity are unlikely to be very
different (equation A.16). Weak-lensing analyses should soon be able to test this
prediction [98], as should analyses of satellite dynamics [99]. In practice, there is
likely to be more scatter between subhalo mass and luminosity than there is between
parent halo mass and luminosity; we expect this to alter our conclusions quantitatively but not qualitatively. This too can be checked by lensing analyses. At the time
or writing, [100] have concluded a weak-lensing study of five clusters. They report
a difference between central and satellite masses (at fixed luminosity) of about a
factor of 5. Dynamical mass is proportional to R σ 2 , so since tidal stripping usually
does not significantly affect velocity dispersion, the smaller sizes of cluster galaxies
compared to field galaxies at the same luminosity implies that the satellite galaxies
are less massive by a similar factor. The measurements are still quite uncertain, but
constraints from lensing are improving. We look forward to more such data, since
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our analysis has shown that such studies are rather closely related to studies of the
luminosity dependence of galaxy clustering.
If the difference between the factors of 23 (in the halo model description
of the mass required to host one satellite) and 90 (in the subhalo mass function) is
associated with mass lost to stripping processes as satellites become incorporated
into parent haloes, then the mass of a satellite prior to stripping is about 90/23 ∼ 4
times larger than its current mass: about 80% of its mass is stripped. This is slightly
larger than the ∼ 60% mass-loss factors seen in simulations which only include the
dark matter component (e.g. [88]). Given that the halo-model argument is based
on relating the subhalo population in simulations to observations, it is remarkable
that the two estimates are similar.
Our analysis of the connection between subhaloes, galaxies and the halo
model has another interesting consequence. The mass fraction in subhaloes is

0.1
Z M
M
m dN (m|M )
dm = 0.1
,
(A.18)
M
dm
1012 h−1 M
0
where we have used equation (A.11) for the subhalo mass function, dN/dm. If stars
only form in sufficiently massive objects, the lower limit to this integral may be
greater than zero: this will change the quantitative estimates which follow, but not
the qualitative conclusions.
Our estimate of the mass lost to stripping processes, when combined with
equation (A.18) for the mass fraction in subhaloes, leaves about half the mass of a
1012 h−1 M parent halo unaccounted for. For a 1015 h−1 M mass halo this fraction
is about twenty percent. For comparison, using the model of subhalo mass-loss due
to stripping in [101] (see their Figure 1) with equation (A.18), these corresponding
fractions are about thirty percent and twenty percent, when subhaloes with m >
1011 h−1 M

are considered. (These mass fraction estimates are highly sensitive to

their model of the amount of mass stripped from the numerous very low mass haloes,
however.) Presumably this mass is associated with the central galaxy itself, and/or
with subhaloes that were completely disrupted by the parent halo. If these objects
hosted stars, then these stars may have been incorporated into the central object,
or they may now contribute to intracluster light. Indeed, results from recent studies
of intracluster light support the idea that much of the light in the ICL comes from
the stripping, disruption, and merging of satellite galaxies [102, 103].
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Consider a 1015 h−1 M

cluster, for which the halo model predicts about

eighty percent of the stellar mass is associated with satellite galaxies; the rest is in
the BCG or in the intracluster medium. If the luminosity and color of the BCG are
observed (as is the case for the SDSS), reasonable assumptions about its stellar mass
allow one to predict the stellar mass associated with the ICL. For example, the halo
model says the BCG is about 4.5 times more luminous than the satellite galaxies
brighter than Mr < −19.9, and that there should be about 70 such satellites. If
the stellar mass to light ratio is independent of L (for the red galaxies in a cluster
this should be a reasonable assumption), then the stellar mass of the BCG counts
like an additional 4.5 satellites. This makes the stellar mass accounted for (74.5/70)
times 80%, leaving about 15% of the stellar mass for the ICL or elsewhere.
At 1014 h−1 M

the halo model has about 15% of the total mass in sub-

haloes, whose associated satellite galaxies contain about 60% of the total stellar
mass. There are about 5 satellite galaxies brighter than Mr < −19.9, and the BCG
is a little more than 3 times the average luminosity of these satellites. This leaves
1 − 0.6(8/5) or about 5% of the stellar mass for the ICL. Thus, the halo model
predicts the ICL fraction to increase with host halo mass, in agreement with other
recent work [104, 105]. Despite the crudeness of these estimates, we think our discussion illustrates how the halo model can be related to recent studies of intracluster
light. This may be particularly useful in view of current uncertainties about the fate
of ‘orphan’ satellites in simulations [72, 74].

A.5

Modified Gravity and the Halo Model
When one considers the effect that modifying gravity has on Halo Model

calculations, there are at least three effects that need to be addressed. First, though,
we shall briefly describe the aspect of the halo model that this section will focus on.
The halo model is based upon studying the distribution of mass in two steps, the
first being the distribution of mass within each halo, and the second is the spatial
distribution of haloes themselves. These two regimes are represented by the one halo
and two halo terms of the halo model, which when summed give you the two point
correlation function. Modifying gravity affects both of these terms, in the following
ways.
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The simplest effect is that the one halo and two halo terms are modified
because the mass function is modified. In chapter 4 we calculated new mass functions
for this modified gravity theory, and all that needs to be done is replace the standard
gravity mass functions with these.
The second change that occurs in modified gravity is the density profiles
of virialized dark matter haloes is modified. Our work did not address the actual
change to the density profile of real virialized structures: we only illustrated the
effect of modifying gravity on the initially tophat density profile of a halo that has
yet to virialize. We can, however, expect that because of the strong change in the
profile (see figure 4.8) the final virialized density profile will be significantly affected
by a modification to gravity.
A third effect relates to the fact that the work we did in chapter 3 is
not directly relevant to the modified gravity model we considered. Because of this,
calculating the halo bias, which is needed for the two halo term, is more complicated.
Halo bias is calculated by considering how many haloes we expect to see in a volume
with a given over or underdensity compared to how many we would see in a region
with the same volume that has the background density. As we discussed previously,
this is a simple calculation in standard gravity, because of Birkhoff’s theorem, but in
modified gravity calculating the effect is more complicated. Because the background
matters, we have to recalculate the barrier shape based on the environment, which
means that the simple breakdown that we have in standard gravity (where the
barrier is independent of environment) no longer holds. These three effects all need
to be studied to see how they affect halo model predictions in this modified gravity
model.
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